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The method, invented hj Descabtes, of representing all 
the parts of a geometrical magnitude by a single equation, 
has wrought an entire change in the mathematical and 
physical sciences. 

Before his time, the Measures of the Geometrical Mag- 
nitudes were alone subjected to the processes of Algebra. 
He extended the analysis to the determination of their 
positions and forms. By this happy invention, modes of 
investigation at once difficult and disconnected, and de- 
pendent for success, in each particular case, on the skill 
and ingenuity of the inquirer, and often on accident, are 
reduced to a simple and uniform process. The great 
I work of La Place, is the legitimate fruit of this discov- 

ery. Here, all the formulas necessary for determining 
the positions and motions of the bodies of the solar sys- 
tem, are deduced from the single law of gravitation, and 
expressed in general equations. 

The first edition ol the Analytical Geometry was pub- 
lished in 1836. It was designed, specially, for the pupils 
of the Military Academy, and in its construction, little 
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attention was paid to the supposed wants of other In- 
stitutions. It is now presented to the public under a 
different form, and designed to fill a very different place. 
In 1836, the study of Mathematics, and especially in the 
higher branches; was limited, comparatively, to a few In- 
stitutions of the higher grade. Now, it is pursued in all 
our Colleges, and in many of our Academies and High 
Schools. It forms a part, and indeed an important part, 
of our system of Public Instruction. 

To prepare a work that shall cultivate this growing 
taste for mathematical science, in one of its most attract- 
ive departments — not too large for general use, and yet 
containing all the great principles, rightly arranged and 
properly discussed — has been attended with some diffi- 
culties. How fer they have been overcome, the public 
will judge. The present work is supposed to contain all 
that is necessary to the general student. The Table of 
Contents indicates the subjects, and the order in which 
they are treated. 

Columbia College, Ifew Yorh^ 1860. 
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Draw an indefinite right Hne 

AB. From any pmnt as ^ lay I j- ^r-B 

off a distance ^(7 equal to a, 

and then from (7, a distance CZ> equal to 5, and AD will 

be eqniyalent to a -\- b. 

4it» Construct the expression, a — ft. 

Draw an indefinite right line 
AB. From any point as A^ lay ^ ^ ^-^ 

off a distance ulZ> equal to a, 

and then from 2>, a distance 2>(7, t/i ^A^ direction towards 
A, equal to b; AC will then express the difference between 
a and ft, and hence, is equivalent to a — ft. 

If ft is greater than a, a — ft 

will be essentially negative: AC • — '■ • h- B 

will then be negative, which is 

shown by the point C falling at the left of A, 

We have, in this example, the geometrical interpretation 
of the negative sign: viz. 

If distances in one direction are regarded as positive^ 
those in a contrary direction must be regarded as nega- 
tive,* 

5. Construct the expression, a — ft 4- c — <f . 

Draw an indefinite line AB. 
From any point, as A^ lay off jr ^^ j) C E B 
the distance AC equal to a, and 
then the distance (7Z>, in the opposite direction, equal to 

* Bourdon, Art. 89. University, Art. 96. 

NoTX. — All the references are to Davies' Bourdon, Davies' University 
Algebra, and Davies' Legendre, Geometry, and Analytical Trigonometry. - 
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b. From -Z>, lay off i>^, to the right, equal to c, and 
then from ^, lay off jEZ^J to the left, equal to d. The 
line A^ will be equivalent to the algebraic expression. 
It will be negative, because the sum of the negative terms, 
in the algebraic expression, exceeds the sum of the posi- 
tive terms, and this is indicated by the direction of the 
line AFl From the above exarilples, we conclude that, 

Every algebraic expression of the first degree will repre^ 
sent a line; whence, it is called, linear, 

6. Construct the expression, — 

Draw two indefinite right lines A3^ 
AM, making any angle with each 
other. From A^ lay off a distance 
AC ^Cy also the distance AB = a. 
Then from -4, lay off AD = 6; 
join G and Dy and through S draw 
BE parallel to CD\ then will AE be equivalent to the 
given expression. For, we have by similar triangles,* 

AC : AB I'. AD : AE\ 
that is, c : a \i b : AE ; 

therefore, AE = — . 

c 

OonBtruction of ezpressionfl of the second degree. 

7. Construct the expression, ab. 

The degree of a term is the number of its literal factors.f 
Hence, ab is of the second degree. 

* Legendre, Bk. IV. Prop. 16. \ Bourdon, Art 25. Univ. Art. 12 
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Draw the indefinite straight line ^ 

AB. Lay off^ from ^ to J9, as many 
miits of length as there are units in 

a. At J9, draw DC perpendicular A J) ^ 

to AB^ and make it equal to as many 

units of length as there are units in h. Then, the rect- 
angle ADCE, will contain as many units of sur&ce as 
there are units in the expression, a X 6. Hence, we con« 
dude that, 

Every algebraic es^ession of the second degree repre" 
sents a surface,* 



D 



a 
b 



Construction of an expression of the third degree. 
S. Construct the expressdon abc. 

Draw an indefinite line, and lay off 
AB equal to the number of units 
in a. Draw, in the plane of the paper, 
BOy perpendicular to AB^ and make 
it equal to b. At C, suppose CI) to 
be drawn perpendicular to the plane A a B 

of the paper, and made equal to c. 
Then, having drawn the other lines of the figure, ABC-JD 
will be a rectangular parallelopipedon equivalent to the 
expression abc. Hence, 

Every algebraic expression of the third degree wiU repre' 
sent a volume.^ 



Oonstruction of expressions of the zero degree. 
9. Construct the expression, ^• 



* Legendre, Bk. IV, Prop, 4. Seh. 1. f Bk. VII. Prop. 13. Seh. 
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Since there is one literal factor in the numerator, and 
one in the denominator, the quotient 
is an abstract number; and hence, con- 
tains no literal factor: therefore, the 
degree of the term is 0. Draw AH^ 

and make it equal to h. At H^ draw 
JZj5, perpendicular to AH^ and make 

it equal to a, and join A and B, Then, 

- = tan A to the radius 1.* 
o 

If a were made the hypothenuse, 

^ • 

- would denote the cosine (7, or sin JB 
a 

to the radius 1. Hence, 

Every dlgehraic expression of the zero degree represents 
tJie sine^ cosine^ tangent^ <:fec., of an arc or angle^ to the 
radius 1, 

It follows, therefore, that every abstract number has a 
geometrical interpretation; for, it wiU always denote some 
function of an arc described with the radius 1. 




Homogeneity of temui. 

10, We have seen, that there are four kinds of alge- 
braic terms, which may represent geometrical magnitudes ; 
viz. terms of the 1st degree, which represent lines; terms 
of the 2d degree, which represent surfaces; terms of the 
third degree, which represent volumes ; and terms of the 
zero degree, which represent the functions of angles to the 
radius 1. 

Since no other magnitudes occur in geometry, no alge- 

* Legendre, Trig. Arts. 30-31. 
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braic term of a faigber degree than the third, can hare a 
geometrical eqnhraient. If saeh a term occur, we can only 
find its geometrical eqnirident bj regarding all the Actors 
but three, as nmnericaL 

Since like qaantities, onlj, can be added or sabtracted, 
it follows, that if two or more terms are connected to- 
gether by the signs + or — , thev most be homogeneous.* 
If they are not so, in form, it is because the geometrical 
unit of lencrth, jrenerallv denoted bv 1, has been omitted 
in the algebraic expressions, wherever it has occurred as 
a &ctor or a divisor; and this must be restoisd before 
finding the geometrical equivalent. Thus, if we have, 

the first term is of the second degree, and the second, 
of the first deon-ee. The dcCTee of the second term is 
changed (without altering its numerical value), by intro- 
ducing the linear unit 1, as a factor, and we then have, 

ab + 1 X c, 

which is a homogeneous expression. 
If we have the expression, 

a + be — dfg^ 

it may be made homogeneous by introducing the factors 
of 1 ; we then have, 

Ixlxa+lxftc — dfg ; 
which is homogeneous. 

* Bourdon, Art. 26. University, Art. 12. 
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EXAMPLES IX CONSTRUCTION. 

1. Construct the expression, c^ 4- ^^ 

Draw an indefinite right Hne, 
and lay off AC = b. At (7, draw 
(7-B perpendicular to AC, and 
make it equal to a, and draw AJB : 

2 

then, AJS will be the equivalent of 





2. Construct the expression, d^ — b\ 

Draw an indefinite line, and on 
it lay off AJB = c ; and on AJB^ 
as a diameter, describe a seraicir- 
cun^erence ACB, With ^ as a 
centre, and a radius equal to J, 

describe an arc, intersecting the circumference at C Then 
draw AC and CB. 

2 2 

Now, since ACB is a right-angled triangle, JLl? — -4(7 

2 2 

is equivalent to CB :f hence, CB is the equivalent of 
c2 - 52. 



3. Construct the expression, ya^, and ya. 



D 



B C 



Draw an indefinite right line 
ABC, and from any point, as A, / 

make AB = a, and then BC =1 h. I 

On ^ (7, as a diameter, describe a ^ 

semi-circumference, and from B, 

draw BD perpendicular to AC, intersecting the circumfer- 
ence at D : then, BB will be the equivalent magnitude. 
• Leg., Bk. IV. Prop. 11. f Leg., Bk. IV. Prop. 11, Cor. 1. 
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For, BD^ = AJB X BC* = a x b; 

hence, by extracting the square root of both members, 

JBI) = y^. 

If we have ya, we have simply to introduce, under the 

radical, the factor 1, thus making the expression of the 
second degree. 

We then have, -^/a = ^a X 1. 

Making AB = a, and -BC = 1, we have the same con- 
struction as before. 

4. Construct the roots of the equation of the first form, 

x^ + 2px = q.^ 

After making the second member of the equation homo- 
geneous, and placing it equal to Pj we have, 

x^ + 2px — 1 X q = b\ 
This equation can be put under the form, 

x{x + 2p) = ^2 . 

from which we see, that b is a mean proportional between 
X and x + 2p. 

To construct these values 
of aj, draw -4^, and make it 
equal to b. At jB, erect the 
perpendicular -B(7, and make 
it equal to pj and join A 
and O. With C as a centre, 
and CJB as a radius, describe 

* Leg., Bk. IV. Prop. 23, Cor. \ Bour., Art. 117. Univ., Art. 147. 
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a Bemi-circumference cutting AC in JEy and AC produced, 
in Z>; then will AJE be equal to x. For,* 

AE{AE + 2EC) = Ab"^ = h' ; 
or, 05(3; + 2p) = 52. 

Finding the roots of the given equation, we have, 

a' = — p + V ^ -f JE>S and «" = — /) — V^2 ^ ^2, 

Having constructed the triangle AJBC, as before, -4(7 wUl 
represent the radical part of the values of x. 

For the first value of sc, the radical is positive, and is 
laid off from A towards C: then — ^ is laid off from 
C to JSy leaving A£J positive, as it should be, since it 
is estimated from A towards C. 

For the second value of a^ we begin at J9, and lay 
off DC equal to — jt?; we then lay off the minus radi- 
cal from C to A, giving — A^, for the second value 
of X. ^A^) ^Ijfy 

Let us now see if this value of x will satisfy the equa- 
tion, 

— «(— 05 + 2p) = h\ 

or, - AD{- AE) = h\ 

or, AD X AE = AB . 

Hence, the two values of aj, are + AE^ estimated fron)» 
A towards J9, and — DA^ estimated from D towards A, 

5. Construct the roots of the equation of the second 

form, 

«2 — 2px = q z= I X q = b\ 

* Legendre, Bk. IV. Prop. 30. 
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Finding the roots of this equation, we have, 
a' = jE> + ^V^ + f'^ and a;" = ^ — y^M-'p; 

To construct these values of ». Having constructed the 
figure, as in the last exam- 
ple, the first value of x will 
be the line AD^ estimated 
from A to 2>. 

The second value will be 
4- EC — CA, the first esti- 
mated from E to C, and the 
latter from to A\ this leaves, 
for the reduced value -— EA^ estimated from ^ to ^. 

The positive root, in the construction for the first form, 
corresponds to the negative root in the construction for 
the second; and the negative root in the first, to the 
positive root in the second. This is as it should be, since 
either of the forms changes to the other, by substituting 
— X for X. 




N' 



^ 6. Construct the roots of the equation of the third 
^ form. 



Solving the equation, wq have, 

a;' = — jE> + -y/f- — ^S and a;" = — p — 



p _ y/^^hK 



To construct these values, draw an indefinite right line 
FA^ and from any point, as 
A^ lay off a distance AD = —p^ 
and, since p is negative, we lay 
off its value to the left. At 
2>, draw DC perpendicular to 




F 5^ --..,..!> _..-''^ A 
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FA and make it equal to h. With (7 as a centre, and 
CJB = p as a radius, describe the arc of a circle cutting 
JFlAy in J5 and -E Now, the value of the radical quantity 
will be £I> or DK The first value of a; will be - AJ) 
plus DJEJ^ equal to — AJEI, The second, will be — AD -f 
( — DJB) equal to — A£ : so that both of the roots, being 
negative, are estimated in the same direction from A^ to 
the left. 

Therefore, the two roots are — -4^ and — AB. 



Y. Construct the roots of the equation of the fourth 
foi-m, 

Solving the equation, we have. 



X 



' = p + y^2 _ ^2^ and x" — p — ^fp'^ — li^. 




To construct these values of x. Construct the radical part 
of the values of «, as in the 
last case. Then, since p is 
positive, we lay off its value 
AD^ from A towards the 
right. To AD, we add DB, 
which gives AD, for the first 

value of X. K from AD, we subtract DE, the remainder, 
AE, is the second value of x. Both values are positive, 
and are estimated in the same direction, from A to the 
right. 

In the last two forms, if p and h are equal, the two 
values of x become equal to each other.* 
The geometrical construction conforms to this result. 

* Bourdon, Art. 116-117. University, Art. 146. 
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For, when p z= b^ the arc of the circle described with 

the centre C, will be tangent 

to ABy at J); and the two 

points £J and J5 will unite, 

and each root will become equal 

to AD. 

If b^ is greater than p\ the 
value of aj, in the last two forms, will be imaginary.* 

The geometrical construction also indicates this result. 
For, if b exceeds jt>, the circle described with the centre 
(7, and radius equal to p, will not cut the line A^. 
Hence, 

The imaginary roots of an equation give rise to con- 
ditions in the construction which cannot be fuljiUed ; and 
this should be so^ siiice the imaginary roots can never 
appear^ unless the conditions of the equation are inccmr 
sistent with each other. 



* Bourdon, Art. 116-117. University, Art. 146. 
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BOOK I. 

POINT AND STRAIGHT LINE PROBLEMS TRANSFORMATION 

OF CO-ORDINATES POLAR CO-ORDINATES. 

Definitions. 

!• Analytical Geometry is that branch of Mathematics 
which has for its object the determination of the forms and 
properties of the Geometrical Magnitudes, by means of 
Analysis. 

2. In Analytical Geometry, the quantities considered may 
be divided into two classes : 

1st. Constant quantities, which preserve the same values 
in the same investigation; and, 

2d. Variable quantities, which assume aU possible values 
that will satisfy the equation which expresses the relation 
between them. 

The constants are denoted by the first letters of the 

alphabet, a, 5, c, ifcc. ; and the variables, by the final let- 
ters, SB, y, 2, &Q, 

3. The terms, straight line, and plane, are used in their 

most extensive signification. 

That is, the straight line is supposed to be indefinitely 
2 
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prolonged, in both directions ; and the plane, to be indefi- 
nitely extended. 

Points in the same plane. 

4. We shall first explain the manner of determining, by 
the algebraic symbols, the position of points in a given 
plane. 

For this purpose, draw, in the 

plane, any two lines, as X^AJC^ 

YAY\ intersecting at -4, and 

making with each other a given 

angle, YAX, 

The line JTJT, is called the 
axis of abscissas, or the axis of . 

JT; and YY, the axis of ordinates, or the axis of Y. The 
two taken together, are called the co-ordinate axes / and the 
point A, where they intersect, is called the origin of co^ 
ordinates. The angle YAJ^ is called, the first angle / 
YAX', the second angle ; JCA Y, the third angle ; and 
Y'AX, the fourth angle. 



X' 




First Angle. 

5« Let P be any point in the given plane. Through P^ 
draw P-Z>, parallel to AY, and 
PC, parallel to AX. Then, AD, 
or CP, is called the abscissa of 
the point P ; PD, or A O, is 
called the ordinate of P; and 
the lines PD, PC, taken to- 
gether, are called the co-ordi- 
nates of the point P. 
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Hence, the abscissa of any point, is its distance from the 
axis of ordinates, measured on a line parallel to the axis 
of abscissas; and the ordinate of any point, is its distance 
from the axis of abscissas, measured on a line parallel to 
the axis of ordinates. The co-ordinates may also be meas- 
ured on the axes themselves. For, ADy AC, are equal to 
the co-ordinates of the point JP. 

The co-ordinates of points are designated by the letters 
corresponding to the co-ordinate axes ; that is, the abscissas 
are designated by the letter «, and the ordinates by the 
letter y. 

1. If the co-ordinates of a point are known, the position 
of the point may be found. For, let us suppose that we 
know the co-ordinates of any point, as P. Then, from the 
origin A, lay off, on the axis of abscissas, a distance AD, 
equal to the known abscissa; and through 2>, draw a par- 
allel to the axis of ordinates. Lay off, on the axis of ordi- 
nates, a distance AG, equal to the known ordinate, and 
through C, draw a parallel to the axis of abscissas; the 
point P, in which it meets DP, will be the position of the 
point. 

2. When the co-ordinates of a point are known, the point 
is said to be given; and we have, 

X = a, and y = b; 

these are called, the equations of the point. Hence, 

The equations of a point are the equations which ex- 
press the distances of the point from the co-ordinate axes. 
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Second Angle. 

, 6. Let us consider the given point JP', in the second 
angle, TAX'. 

The abscissa of this point is y 

CP\ or AD\ and the ordinate, p/ / 

P'D\ ov AC. Since distances es- / C 

timated at the right of YJ have y, / / 

been regarded as positive, those ^ M 

at the left, are negative;* hence, / 

the equations of the poiat -P, are, 

a = — a, and y = b. 

Third Angle. 

y. Let us consider the given point P", in the third 
angle. 

The abscissa of this point is 
G'F"^ or AD\ and negative. 
The ordinate is DT^ or AC. 
Since distances above the axis of 



\' 



-^ -i in* 



JT^ have been regarded as posi- 
tive, those below it are negative ; ^'^ / 
hence, the equations of the point 
P", are, 

a; = — a, and y = — J. 

Fourth Angle. 

§• Let us consider the given point jP", in the fourth 
angle. 

* Bourdon, Art. 89. University, Art. 96. 
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The abscissa of this point is 
(7'P'", or AD, and positive. 
The ordinate is I>F"\ or AC\ 
and negative ; hence, the equa- 
tions of the point jP", are, 

SB = o, and y = — 5. 



Therefore, the following are the equations of a point in 
each of the four angles : 




1st angle, 


« = +a, 


y = +ft. 


2d angle. 


aj — — a, 


y = +ft. 


3d angle. 


CB = — a. 


y = — ft. 


4th angle, 


85 = +a, 


y = — ft. 



We see, by examining these results, that the signs of the 
abscissas in the different angles, correspond to the algebraic 
signs of the cosines, in the different quadrants of the circle ; 
and that the signs of the ordinates, correspond to the alge- 
braic signs of the sines.* 

EXAMPLES IN CONSTEUCTION. 

1. Determine the point whose equations are, 

aj = 3, and y = 2, 



Having drawn the co-ordinate 
axes, lay off, on the axis of -ZJ a 
distance AJB, to denote the unit 
of length. Then lay off, from A 
to D, three times the unit of 
length. From A, on the axis of 



X 



-3" 



J) 



— X 



* Legendre, Trigonometry, Art. 16. 
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Yy lay off a distance A£Jy equal to twice the unit of length. 
Through J) and ^ draw parallels to the axes, and their 
point of intersection, P, will be the required point. 

2. Determine the point whose co-ordinates are, 

aj = — 6, and y = 4. 

3. Determine the point whose co-ordinates are, 

a? = — 7, and y = — 8. 

4. Determine the point whose co-ordinates are, 

a; = 4, and y = — 6. 

Co-ordinate Axes, and Origin. 

9, Since the ordinate of a point is its distance from the 

axis of -X^ the ordinate of any point of that axis must be 

zero. Hence, the equations of a given pointy in the axis of 

-XJ will be, 

a; = ± a, and y = ; 

the plus sign before a, being used when the point is at the 
right of the origin, and the minus sign, when it is at the 
left. 

If we attribute to a, aM possible values between and 
-f- 00, the equations will embrace all points of the axis of 
^ at the right of the origin; and if we give to a, all 
values between and — oo, they will embrace all points of 
the axis of JT^ at the left of the origin. Both these con- 
ditions are expressed by the simple phrase, 

X indeterminate. 
Hence, for all points in the axis of -Z^ we have, 
X indeterminate, and y = 
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10. For a given point of the axis of Y^ we have, 

a; = 0, and y = ± ft ; 

the plus sign hefore ft, heing used when the point is above 
the axis of X^ and the minus sign when it is below. For 
all points in the axis of Y^ we have, 

a; = 0, and y indeterminate. 

11. Since the origin of co-ordinates is in the axis of 
Y^ its abscissa is zero ; and since it is in the axis of JT, 

its ordinate is zero. Hence, the equations of the origin 

are, 

a; = 0, and y = 0. 

^ Straight lines in the same plane. 

19. The equation of a line^ is an equation which 
escpresses the relation between the co-ordinates of every point 
of the line. 

liquation of a straight line. 

13, Let A be the origin of 
co-ordinates, and AX^ AY^ the 
co-ordinate axes. Through A^ 
draw any straight line, as AP^ 
making with the axis of X an 
angle denoted by a. Denote the 
angle YAX^ included by the co- 
ordinate axes, by /S. 

Take any point of the line, as P, and draw PD parallel 
to the axis of Y\ then, PD will be the ordinate, and 
AD the abscissa, of the point P. 




4^ 
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Since PD is parallel to the axis of ordinates, the angle 
APD is equal to PAY\ that 
is, equal to ^ — a. 

Since the sides of a triangle 
are to each other as the sines 
of their opposite angles,* we 
have 

PD : AD : : sin a : sin (i8 — a). 

But PD is to AD^ as any ordinate y of thfe line AP^ to 
the corresponding abscissa x; therefore, 




-X 



y : X : '. sin a : sin (^ — a), 



which gives, 



y = 



sm a 



XI 



8in(i3 -a) ' 



and this is the equation of the straight line AP^ sinco 
it expresses the relation between the co-ordinates of every 
point of the line. 

1. If we draw a line par- 
allel to AP^ cutting the axis 
of y at a distance from the 
origin equal to 5 ; it is plain, 
that for the same abscissa x^ the 
ordinate y, of this new line, vnSi 
exceed the ordinate y of the line 

through the origin, by the constant quantity h\ hence, the 
equation of the parallel line will be, 




y = 



sm a 



sin (^ — a) 



x-\- b. 



* Legendre, Trig. Art. 46. 
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2. If the parallel cuts the axis Y below the origin of 
co-ordinates, the value of y, in 
the second line, will be less than 
the value of y in the line -4P, 
by the constant quantity h ; and 
in that case, h becomes nega- 
tive, and the general equation 
takes the form, 




y = 



sin a 



sin (jS — a) 



-05 — 6 




3. Since the line JPD is par- 
allel to the axis of T^ the angle 
AJPD is equal to the angle 
JPA. Y ; hence, the coefficient of 
X is the sine of the angle which 
the line makes with the axis of 
X^ divided hy the sine of the 

ctngle which it maJces with the axis of Y. 

4. Thus far, ^ve have supposed the co-ordinate axes to 
make an oblique angle with each other. It is, however, 
generally, most convenient to refer points and lines to 
co-ordinate axes which are at right angles. 

If we suppose YAX to be a right angle, 



and, 



jS — a = 90° — a, 
gin (^ — a) = cos a.* 



* Legendre, Trig. Art. 8. 
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The equation of the straight line then takes the form, 

ran a . _ 
^ cos a 

or, y — tang olx ± J, 

the tangent of a being calculated to the radius 1. 

If we denote the tangent of a by a, the equation becomes, 

2/ = oaj ± J. 




Interpretation of the equation. 

14. The line AP^ passing 
through the origin of co-ordi- 
nates, and whose equation is 
y = oic, has been drawn in the 
first angle. But the equation is 
equally applicable to a line 
drawn in either of the other 
angles, if proper values and signs be attributed to the tan- 
gent, a. The angle, of which a is the tangent, is always 
estimated from the axis AX^ around to the left. 

1. If the line be drawn in the first angle, the tangent 
a is positive,* and the co-ordinates x and y, are both 
positive. \ 

2. If the line be drawn in the second angle, the angle 
XAP will fall in the second quadrant, and its tangent, a, 
will be negative.* But the abscissas of points in the second 
angle are also negative : hence, a and x are both nega- 
tive: their product is, therefore, positive; hence, y is posi- 

* Legendre, Trig. Art. 18. 
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tive, as it should be, since it represents the ordinates of 
points above the axis of abscissas. 

3. If the line AP" be drawn in the third angle, the 
tangent a will be positive, since the angle Ms in the 
third quadrant ;* and since x is negative, the second member 
will be negative ; hence, y will be negative, as it should be. 

4. If the line AP"' be drawn in the fourth angle, the 
tangent a will be negative, since the angle falls in the fourth 
quadrant; and since x is positive, the second member will 
"be negative, and therefore, y will be negative, as it 
should be. 

As the same reasoning is applicable to the general form, 

the equation, 

y =1 ax + h^ 

"will represent every straight line which can be drawn on 
the plane of the co-ordinate axes, if proper values and signs 
are attributed to a and h. 

5. The values of a and h are constant for the same 
straight line, but take different values when we pass from 
one line to another. They are called arbitrary constants^ 
because values may be attributed to them at pleasure, when 
only the form of the equation is given. 

6. If, in the equation of a straight line 

y z=i ax + h^ 

any value be attributed to one of the variables, the other 
becomes determinate, and its value may be found from the 
equation. 

* Legendre, Trig. Art. 18 
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X = 1, 


we have, 


y z=z a + b. 


05 = 2, 


gives, 


y = 2a + ft. 


ar = 3, 


gives. 


y z= Sa + b. 


<fcc., 


&C.y 


&c. 



Or, we may attribute values to y, and find the corres- 
ponding values of x. If we make, 

1 - b 



y = ly we have, x z=. 



y = 2, gives, x 



y = 3, gives, X = 



a 

2 -g 
a 

3 -ft 
a 



Cknurtructioii of Straight Idnes. 

15. The construction of a line, represented by an equa- 
tion, is the operation of drawing the line on the plane of 
the co-ordinate axes. 

16. A line is said to be given^ or hnown^ when the 
form of its equation is given, and when the constants have 
fixed values. The position of the line is then determined, 
and the line can be constructed. 

First Method. 

1. Construct the line whose equation is, 

y = Zx. 

This line passes through the origin of co-ordinates, and 
makes with the axis of -Xi an angle whose tangent is 3. 
(Art. 13.) 
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Having drawn the co-ordinate 
axes at right angles to each 
other, lay off from the origin, 
the unit of length, AJB = 1. 
At -5, draw J? (7 perpendicular 
to the axis of ^, and make it 
equal to 3 : that is, to three 
times the unit of length ; then, draw A CF. 

Since the tangent of the angle at the base is equal to 
the perpendicular divided by the base,* BG will be the 
tangent of the angle BA (7, to the radius 1 ; hence, A CF 
is the requii-ed line ; for, any ordinate, as FF^ will bo 
equal to 3 times the abscissa, AF, 

2. Construct the line whose equation is, 

y = 2a5 + 4. 

This line will cut the axis of 
T^ at a distance from the ori- 
gin, above the axis of -3^ equal 
to 4 (Art. 13), Having assumed 
the unit of length, lay it off 4 
times, from A U) O, Through 
C, draw a parallel to the axis 
of X Then lay off OJD, equal 

to the unit of length. Draw DF perpendicular to -3^^ 
and make it equal to 2. The indefinite straight line pass- 
ing through G and F^ will be the line required. For, since 
DF is twice GD, MB will be twice GB or AF\ hence, 
any ordinate, as IIF^ will be equal to twice the abscissa, 

* Legendre, Trig. Art. 31. 
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Al^^ plus ACy which is 4. If the coefficient of x were 
negative, the equation would take the form, 

y = — 2a; + 4 ; 

the point D would then fall at 
D\ and the line would take the 
direction CJ^\ Every straight 
line passing through the origin 
of co-ordinates will lie in the 
first and third angles when its 
coefficient is positive, and in the 
second and fourth, when it is negative. 

If 4 were negative, the point (7, would fail on the axis 
of y^ below the origin. 




Second Method. 

17, A point which is common to two straight lines will 
be at thejir intersection ; and the co-ordinates of this point 
will satisfy the equations of both lines. 

Conversely, if the equations of two straight lines be made 
simultaneous,* and combined, the results obtained will be 
the co-ordinates of the common point. 



1. Construct the line whose equation is. 



y 



— 6a; + 12 . 



. (1.) 



If this equation be combined with the equation of the 
axis of -Zi which is, 

X indeterminate, and y = (Art. 9), 



we shall have. 



aj = 2, 



♦Bourdon, Art. 82. University, Art 88. 
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whicli is the abscissa of the point in which the line inter- 
sects the axis of JT. 

If we combine Equation (1), with the equation of the 
axis of F, which is, 

X = Oy and y indetenmnate (Art. lO), 



-we shall have, 



y = 12, 



inrhich is the ordinate of the point in which the line inter- 
sects the axis of Y. 

Having drawn the co-ordinate axes, 
at right angles to each other, lay 
off, on the axis of Jl^ AB equal to 
twice the unit of length ; and on Y^ 
A.G equal to 12 times the unit of 
length, and then draw the line BC\ 
this will be the line required, since 

two points determine the position of a straight line. The 
line makes an obtuse angle with the axis -Z", as it should 
do, siQce the coefficient of x is negative. 




A\ B\ 



2. Construct the line whose equation is, 

y Tz^ ax + b. 

3. Construct the line whose equation is, 

y = 2x + 5. 

4. Construct the line whose equation is, 



y 



-05 -- 1. 



5. Construct the line whose equation is, 



y = — 2a; + 6. 



40 ANALYTICAL GSOMETBT. [bOOK I. 

Equation of the first degree between two variables. 

18. The equation, 

Ay + Bx + =z 0, 

is the most general form of an equation of the first degree 
between two variables, since there is an absolute term (7, 
and since each of the variables, y and Xy has a coefficient. 
This equation may be written under the form, 

jB O 

2/ = - 2^ - 3' 

which becomes of the form already discussed, if we make, 

— -7 r= a, and j =z o, 

A A 

Having drawn the co-ordinate axes at right angles to 
each other, if we lay off on the axis of T^ a distance equal 

to — -jj and through the point so determined, draw a 

line which shall make with the axis of JT an angle whose 

JB 

tangent is ^ ; it will be the straight line whose equa- 
tion is, 

^y 4- jSic + V7 = 0. 

We may also put the equation under the form, 

A C 

A 

in which — -jz is the tangent of the angle which the 

. . 

straight line makes with the axis of T] and — -^ the dis- 
tance cut off from the axis of JT, measured from the origin. 
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We may, therefore, state this general principle: 

If an equation of the first degree between two variables^ 
he solved with reference to either variable^ the coefficient 
of the other variable will be the jtangeiit of the angle 
njohich the line makes with the axis of that variable j and 
tJie absolute term will denote the distance cut off from 
the other axis. 



Distance between two pointB. 

lO. A point is said to be given, when its co-ordinatea 
are known. Ejiown co-ordinates are usually designated by 
marking the letters, thus : 

«', y' ; a5", y" ; as'", y'" ; 
which are read, x prime, y prime, x second, y second, &c. 



Let M and N be two given 
points. Designate the co-ordinates 
of M^ by x\ y\ and the co-ordi- 
nates of jST, by 35", y", and MN^ 
the distance between them, by D. 
Then, 




But, 
hence. 



MP = 05" - x\ and NP = y" - y' 

MW^ = 'Mf' 4- TN^ ; 



or. 



D = -/(a" — xy + (y" - y'Y ; that is, 



The distance between any two points is eqital to the 
square root of t?ie sum of the squares of the differences 
of their abscissas and ordinates. 
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1. K either of the points, as M^ coincides with the ori- 
gin, its equations will become, 

x' = 0, and y' = 0, 

and we shall have, 

a result which may be easily verified. 

Equation of a line passing through a given point. 

20« Let Jf be a given point, 
and designate its co-ordinates by 
x\ y\ It is required to find the 
equation of a line which shall pass 
through this point. 

The equation of every straight line is of the form, 

y z=z ax -{- h (1.) . 

Since the required line is to pass through the point JH^ 
the co-ordinates of that point must satisfy Equation ( 1 ) ; 
hence, we have, 

y' = ax' -{- h (2.) 

Combining Equations ( 1 ) and ( 2 ), we obtain, 

y ^y' z=z a(x-^ X'), 

which is the equation of any line passing through the point 
whose co-ordinates are aj' and y\ 

1. In this equation, the tangent, a, is undetermined, as 
it should be, since an infinite number of lines may be drawn 
through the point M. 
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Sqoation of a line passiiig through two givaii pointi. 

ai« Let M and N^ be two giv- 
en points. Designate the co-ordi- 
nates of the first by x\ y\ and 
the co-ordinates of the second by 



jr 



y 



tt 




AZ 



Since the required line is to 

pass through the point M^ whose 

co-ordinates are x\ y\ its equation will be of the form 

(Art. 20), 

y — y' = a(a; — a;') .... (1.) 

in which x and y are the co-ordinates of every point of 
the line. 

Since the required line is also to pass through the point 
iV^ whose co-ordinates are a?", y", these co-ordinates, when 
substituted for x and y, in Equation (1), will satisfy that 
equation ; hence, we have, 

y" - y' = «(«" - «') ; 
from which we find, in known quantities. 



.n 



a = 



y" - y 

SB' 



X 



n 



. . . . (2.) 



Substituting this value in Equation (1), we have, 

which is the equation of the required line. 

Had we first passed the line through the point whose 

co-ordinates are x'\ y", Equation (1) would have taken 

the form, 

y — y" - a{x — ic") ; 



u 



ANAI^YTICAIi QKOMETEY. [bOOK I. 



and the equation of the required line would have been, 



.f) 



y 



-y" -^hr-^^^-^") 



X" — X 



(4.) 



1. The value of a, found in Equa- 
tion (2), is easily verified. For, 
y'- — y' is equal to iVP, and a;" — »' 
is equal to MP \ hence, 



MP 



x" - x' ' 



AZ 




^- — \p 



and, consequently, equal to the tangent of the angle JSTMJ^y 
to the radius 1.* Hence, a line passing through either of 
the points M or iV, Equations (3) and (4), and making 
with the axis of -Z^ an angle whose tangent is NP -^ MI\ 
will also pass through the other point. 

2. If, in Equation (2), we suppose 
y' = y", we shall have, 



a = 







a;" — X 



> = 0; 



X 


M 


N 


















A 






X 



and this is as it should be, since 

under this supposition, the line becomes parallel to the axis 

of X 

3. If we suppose x' = aj", in v iV" 

Equation (2), the ordinates y' and 
y" being unequal, we shall have. 



a = 



y" - y 





A 



therefore, a is infinite;! ^^^ hence, 
the line is perpendicular to the axis of JT. J 



M 



*Leg., Tr. Art. 31. f ^-^ ^rt. 71. Un., Art. 72. % Leg., Tr. Art. 24. 
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If we suppose y' = y", and at the same time, x* = os", 
the two points will coincide, and we shall have, 



Under these suppositions, a is indeterminate,* as it should 
be, since an infinite number of straight lines may be drawn 
through a single point. ^ Y 

Equation of a line parallel to a given line. 

aa. Let y z= ax + b 

be the equation of a given line (Art. 16). 

The equation of the required line will be of the form 

y =z a'x + h\ 

in which a' and 5', are undetermined. 

Two right lines are parallel, when they make the same 
angle with the axis of abscissas. Hence, if we make, 

a' ::^ a^ 

the second line will be parallel to the first; and its equa- 
tion will be, 

y z=z ax + h\ 

in which equation, ft' is undetermined, as it should be, 
since an infinite number of lines may be drawn parallel 
to a given line. 

1. If it be required that the parallel shall pass through 
a given point, its position will be entirely determined. 
For, if the co-ordinates of the given point be denoted 

* Bourdon, Art. Tl. University, Art. '72. 
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by x' and y\ the equation of the parallel will take the 
form (Art. 21), 

y — y' z=z a(x - «')> 

in which the quantities a, y', x\ are known; hence, the 
position of the line is fixed. 

Angle included between two given lines. 



23. Let DC, BC, be the 




two given lines: 

y =: ax +b^ 
the equation of the 1st, 

the equation of the 2d, 

in which a, a\ ft, 6', are known. 

Denote the angles GDX and GBX^ by a and a', and 
the angle DOB, by F. 

Then, since CBX = GBB + DOB* 

we have, F = a' — a, 

T . TT- . / , X tanff a' — tang a 

and, tang F = tang («' - ») = j^__^^ 

to the radius l.f 

Substituting for tang a', and tang a, their values a' 
and a, we have, 

a' — a 



tans: V = ' — 7- • 

^ 1 + a'a 



* Legendre, Bk. I. Prop. 25. Cor. 6. 



t Trig. Art. 36. 
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1. If the lines become parallel, the angle V will be 0, 
and hence, 



a' — a 



— n* 



tang V = ' — ; — r- = 

Therefore, a' -- a = ; or, a' = <iy 

a relation already proved (Art. 92). 

2. If the lines are perpendicular to each other, V will 
be equal to 90°, and its tangent infinite,! that is. 



a — a 



tang V = -r—-, — r = <» > t 
^ 1 + a a * 



hence. 



1 + a'a = 0. 



This last, is the equation of condition^ wJien two right 
lines are at right angles to each other. If the tangent 
of one of the angles is known, the other can be found 
firom the equation of condition. 

Inteneotion of two lines. 
S4, Let y = (KB + ft, be the equation of the first ; 



and 



y = a^x + h\ the equation of the second. 



The point in which two 
straight lines intersect each 
other, is found, at the same 
time, on both of the lines; 
hence, its co-ordinates will 
satisfy both equations. 

If^ therefore, we suppose y 




* Trig. Art. 24. f Leg., Trig. Art 24. % Bour., Art. 71. Univ. Art. 72. 
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and a;, in tHe equation of the 
first line to become equal to 
y and aj, in the equation of 
the second, the two equations 
will be simultaneous. 

Combining the equations, 
under this supposition, and 
designating the co-ordinates 
s)f the point of intersection, by x' and y\ we find. 




a' = — 



(*^, and y'^^'- ^'^ 



a 



a' 



a ^ a 



1. If, in the two last equations, we suppose a '= a\ 
the values of ic' and y' will both become infinite. The 
supposition of a = a\ is the condition when the two lines 
are parallel ; and therefore, under this supposition, their point 
of intersection ought to be at an infinite distance fi'om 
"both the co-ordinate axes. 

If, at the same time, we suppose h = b\ the values 
of x' and y\ will become equal to divided by 0, that 
is, indetermmate. The two suppositions will cause the lines 
to coincide; hence, their point of intersection ought to be 
indeterminate, since every point of either line will satisfy 
both equations. 



A pexpendicular from a given point to a given line. 



35. Let 



y = ax + b, 



(1.) 



be the equation of a given line, and x\ y\ the co-ordi- 
nates of a given point. 
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It is required to draw from this point, a line perpen- 
dicular to the given line, and to find the length of the 
perpendicular. 

The equation of a line passing through a point, whose 
co-ordinates are x\ y\ (Art. 20), is 

y ^y' z= a\x - x% .... (2.) 

in which a' denotes the tangent of the angle which this 
second line makes with the axis of JC, 

But since this line is to be perpendicular to the given 
line, we have (Art. 2a), y 

1 + oa' = 0; 
from which we have, 

1 



a' = 

a 




Substituting this value for o', in Equation ( 2 ), the sec- 
ond line becomes perpendicular to the first, and we have, 

y -y' = -^i^"^') • • • (3-) 

It is now required to find the length of the perpen- 
dicular. 

This is done, 1st, by finding the co-ordinates of the point 
in which the perpendicular intersects the given line; and 
2d, by finding the differences between the co-ordinates of 
this point and the co-ordinates of the given point ; 3d, by 
substituting these differences in Formula (Art. 19). 

Let us designate the co-ordinates of the point of inter- 
section, by aj", y", Then, since the point b on the given 
4 
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line, its co-ordinates will satisfy the equation of that line, 
and we shall have, 

y" = flKB"+ft; . . . . : (4.) 

and since the point is also on the perpendicular, its co- 
ordinates will also satisfy the equation of the perpendicular, 
and give, 

y"-y'= -l{x"-af) . . . (5.) 

If we eliminate x'\ from these two equations, we shall 
have, 

^ 1+^2 

Subtracting y' from both members, we obtain, 

,, , y' ^ cux! — h , . 

y -y = - i + a» • • • • («•> 

Substituting this value of y" — y\ in Equation ( 5 ), 
we have, 

«,--«,'= a{y' ^ ax'- b) ^ ^ 

^ 1 + a2 ^ ' 

Let us designate the length of the perpendicular, by I\ 
Since the distance between two points, whose co-ordinates 
are, »", y", x\ y\ (Art. 19), is 



we have, by substituting for x" -— x\ and y" — y', their 
values found in Equations (7) and (6), 

p _ y' — om' — b 
-y/l + a^ * 

1. If the given point should fall on the given lino, 
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its co-ordinates would satisfy the equation of the line, and 

give, 

y* = ax' 4- h. 

This supposition would reduce the numerator of the value 
of -P, to 0, and consequently, P would be equal to 0. 



TRAlSrSFOEMATION OF CO-ORDINATES. 

36. The equations of a point determine its position 
with respect to the co-ordinate axes (Art. 5). The co- 
ordinate axes may be selected at pleasure, and any point 
may, at the same time, be referred to several sets of 
axes. 

Let -4, for example, be the 
origin of a system of co-ordinate 
axes, and A\ any point whose 
co-ordinates are a and h. 

Through A\ draw two new 
axes, respectively parallel to the 
first. 

The co-ordinates of any point, as P, referred to the 
primitive system, are AD^ PD ; and its co-ordinates referred 
to the new system, are A'D\ PD\ The point P is equally 
determined, to which ever system it be referred. 

37. It is often necessary, for reasons that will be here- 
after explained, to change the reference of points from one 
system of co-ordinate axes to another. This is called, the 
transformation of co-ordinates. The axes to which the 
points are first referred, are called, Primitive Axes; and 
the second axes, to which they are referred, are called, 
New Axes. 
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In changing the reference of points from one system to 
another, all that is necessary, is to find the co-ordinates of 
the points referred to the primitive axes, in terms of the 
co-ordinates of the new origin and the co-ordinates of the 
points referred to the new axes. 

To pass from a system oi co-ordinate axes, to a parallel ayvtenu 

3§« Let A be the origin of the Y Y> 

primitive system, and A^ the origin 
of the new system. Suppose the I [ | 

co-ordinates of the origin A\ to - ' -^^ ^ 
be, AS '= a, and JBA' = b; and 

let us designate the new axes, by —7/ — ^ J i i-JT 

JT' and Y\ and the co-ordinates 

of any point, referred to these axes, by as' and y'. 

Then, assuming any point, as P, we shall have, 

AD = AS + BD, and DP = DD' -t- D'JP. 

Now, since AD is the abscissa of P, and BD = A^D\ 
its abscissa referred to the new axes; and ance PD is the 
ordinate of P, and D'P its ordinate referred to the new 
axes, we have, 

« = a -f- au', and y =z h + y\ 

in which, the primitive co-ordinates of any point, are ex- 
pressed in terms of the co-ordinates of the new origin, and 
the new co-ordinates of the same point. 

1. The new origin may be placed in either of the four 
angles of the primitive axes, by attributing proper signs to 
its co-ordinates, a and 6. It is also to be observed, that 
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jc' and y' have the same algebraic signs, in the different 
angles of the new system, as have been attributed to x and 
y, in the corresponding angles of the primitive system. 




To pass from a rectangular to an oblique system. 

29. Let A be the common 
origin, A^^ A Y^ the primitive 
axes, and AX'^ AY\ the new- 
axes ; and let us designate, as 
before, the co-ordinates of points 
referred to the new axes, by x' 
and y'. 

Denote the angle which the 
new axis of JC makes with the primitive axis of X^ by a, 
and the angle which Y makes with AX^ by a' ; and let P 
be any point in the plane of the axes. Through /*, draw 
PB parallel to the axis of Y^ and PP parallel to the axis 
of Y* ; draw also PR parallel to the axis of Y^ and 
PC parallel to the axis of X. 

Then, AB = AP + RB, 

will be the abscissa of P, referred to the primitivQ axes ; 

and, PB = BG -r CP, 

will be its ordinate. 

Also, AP^ will be the a:bscissa of P, referred to the new 
system; then PP^ will be its ordinate. 

But, AR = AP* cos a,* 

that is, AR = a;' cos a, 

and, RB = P' C = PP' cos a' = y' cos a'; 

♦Trig. Art. 30. 
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hence, 

We also have, 



a? = aj' cos a 4- y' cos a'. 




FR ^ GB ^ AP' sin a ; 

that is, CB = a' sin a, and, 

PC = PP sin a' = y' sin a' ; 

hence, y = a' sin a + y' sin a'. 

Hence, the formulas are, 
85 = a;' cos a 4- y' cos a', y = a;' sin a + y' sin a'. 

1. If it were required, at the same time, to change the 
origin, to a point whose co-ordinates, referred to the piini- 
itive system, are a and ft, the formulas would become, 

a? = rt 4- a?' cos a -f y' cos a', y = ft 4- «' sin a -f y' sin a'. 

2. If a' — a = 90**, we have, sin a' = cos a ; 
cos a' = — sin a ; * substitutmg these values in the last 
equation, we have, 

X = a 4- aj' cos a — y' sin a, y = ft 4- «' sin a 4- y' cos a, 

which are the formulas for passmg from one system of 
rectangular co-^yrdinate axes to another. 



To pass from an oblique to a rectangolar system. 

SO. The first set of formulas of the last Article, for 
common origin, are, 

« = «' cos a 4- y* cos a'y y = 35* sin a 4- y* sin a'. 

• Trig. Art. 25. 
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If we regard the oblique as the primitive axes, it be- 
comes necessary to find the co-ordinates of points referred 
to these axes, in terms of the rectangular co-ordmates, and 
the angles a and a' ; that is, we must find the values of 
05' and y'. 

If we multiply the first equation by the sin a', and the 
second by cos a', and then subtract them, and remember 
that, sin (a' — a) = sin a' cos a — sin a cos a', y' will be 
eliminated ; and if x' he eliminated, in a similar manner, 
we shall obtain, 

aj sin a' — V cos a' , y cos a — a? sin a 

sin (a' — a) ' ^ sin (a' -— a) 

1. If the origin be changed, at the same time, to a i)oint 
whose co-ordkiates, with reference to the oblique system, 
are a and 5, we shall have, 

» sin a' — V cos ol' , . y cos a — a; sin a 
sm (a' — a) ' ^ sm (a' — a) 

BEMABKS. 

81. The primitive co-ordinates of any point, determined 
with reference to a new system, depend for- their values, 

1st. On the position of the new origin: 

2d. On the angles which the new axes make with the 
primitive axes : and, 

3d. On the co-ordinates of the same point, referred to 
the new system. 

32. The transformation of co-ordinates embraces two 
distinct classes of propositions: 

Ist. To transfer the reference of points from one system 
of co-ordinate axes to another system, which is known. In 
this case, the co-ordinates of the new origin, and the 
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angles which the new axes make with the primitive axes, 
are known. 

2d. So to dispose of the new origin, and to give snch 
directions to the new axes, as to cause the resulting equa- 
tions to fulfil certain conditions, or to assume certain forms. 
In this case, the conditions imposed, determine the position 
of the new origin, and the directions of the new axes. 

33. Since the primitive co-ordinates of points are always 
determined in linear functions of the new co-ordinates, that 
is, by equations of the first degree, the substitution of their 
values in the equation of any line, will not alter the degree 
of that equation ; hence, 

A given equation of a line, and its eqtcation when re- 
ferred to a new system of co-ordinate axes, wiU always be 
of the same degree. 

34. We shall terminate this subject by a single example. 
Having given, the equation of a straight line, 

y =z a'x -\' b\ 

referred to rectangular co-ordinates, it is required to find 
its equation when the line is referred to oblique co-ordi- 
nates having a different origin. "We have (Art. 29 — 1), 

X = a -^ x' cos a -h 2/' cos a', y = J -f- a;' sin cl -\- y^ sin a\ 

Substituting these values for x and y, in the equation of 
the line, we have, 

b -\- x' sm a -\- y' sm cl' = a' {a + «' cos a -f- y' cos a') + &' ; 

or, by reducing, 

, __ a' cos a — sin a , aa^ -\- b^ — b 

^ sm oJ -— a cos oJ sm a' — a cos a' 
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^which is the equation of the straight line, referred to the 
oblique axes. The coefficient of x\ is the sine of the angle 
which the line makes with the axis of JT, divided by the 
sine of the angle which it makes with the axis of Y* 
(Art. 13). The second term, in the second member, is 
the distance cut off from the axis of Y^ (Art. 13 — 3). 

POLAR CO-ORDINATES. 

35. We have seen, that the relative position of points 
and lines may be determined, analytically, by referring them 
to two co-ordinate axes. There are also other methods, by 
which they may likewise be determined. 

Assume, for example, any point, as 
A^ and through it draw any straight 
line, as AX. K we suppose a straight 
line, as AB^ to be turned around the 
point -4, so as to make with AX all 
possible angles, from to 360°, and 

suppose, at the same time, the lino AB to increase or 
dimmish at pleasure, the extremity B^ may be made to 
occupy, in succession, every point of the plane. 

Under this hypothesis, there are two variable* quantities 
to be considered: 1st, the variable angle XAB\ and 2d, 
the variable distance AB\ and every point, in the plane, 
may be determined by attributing suitable values to these 
variables. 

This method of determining points, by a variable angle 
and a variable distance, is called the system of polar co- 
ordinates. The variable distance AB^ is called the radius- 
vector ; and the fixed point -4, from which it is estimated, 
is called the pole. 5* 
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Designate the variable angle XAB^ 
by V, the radius-vector AB^ by r, 
and the co-ordinates of the point -B, 
referred to rectangular axes, by x 
and y\ then, if the origin of the 
rectangular axes be at A^ we shall 
have. 




and, 



aj = r cos t?. 



y = r sm t;/ 



From the first equation, we have, 



r = 



X 



cos V 



Now, since a, and the cos v, are both positive in the first 
and fourth angles, and both negative in the second and 
third, they will always be affected with the same sign ; 
and hence, the sign of r will be constantly positive; con- 
sequently, 

A negative value of the radiuS'-vector can never enter 
into the analysis. 

If, therefore, such a value should be obtained, we infer, 
that incompatible conditions have been introduced into the 
equations ; and hence, all negative values of the radius- 
vector must be rejected. 



To pass from a rectangular to a polar system. 

36. Let A be the origin of the co-ordinate axes, A^ the 
pole, -4'i?, parallel to ^^ the line from which the varia- 

• Legendre, Trig. 80. 
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ble angles are estimated, and -4'P, 
the radius-vector of the point P. 
Let the co-ordinates of the pole 
A.\ be denoted by a and h. 

Now, A*R = r cos v, 



and, 

But, 

and, 

hence, 

and. 



PR = r sin v. 
AD = AB + BD, 




PD = I)B + PB; 

X z= a + r cos t;, 
y = d + r miv; 



n X 



which are the required formulas. 

1. K the pole A\ be placed at the origin u4, the equa- 
tions will become, 



X = r cos V, 



y = 

2. If, instead ot estimating the 
variable angle v, from the line 
A'B^ parallel to AX^ it be esti- 
mated from A'B\ which makes 
with AJT a given angle, ± a, 
the equations will become, 

X = a -\- r cos {v ± a), 
y = 5 + r sin (v it a). 



= r sm V. 




D Z 
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1. The equation of a line expresses the relation which 
exists between the co-ordinates of every point of the line 
(Art. 12). 

2. Lines are divided into different orders, according to 
the degree of their equations. For example, the right line 
is a line of the first order, since its equation is of the first 
degree. The circumference of the circle is a line of the 
second order, its equation being of the second degree ; 
and il' the equation of a line were of the third degree, 
the line would be of the thii'd order. 

3. The Interpretation of an equation^ consists in class- 
ing the line which the equation represents ; in determining 
its position, its form, its limits, and the points in which 
it intersects the co-ordinate axes. 



Equation of the circumference of a circle. 

4. Let A be the origin of co- 
ordinates, and AX^ A Y^ the co- 
ordinate axes. 

It is required to find the equar 
tion of a curve such, that all its 
points shall be at a given dist- 
ance from the origin A, Let H 
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denote the distance, and x and y, the co-ordinates of any 
point of the curve, as P. The 
square of the distance from the 
origin to any point, whose co- 
ordinates are x and y, is, 

x^ + y^l 
hence, aj^ + y^ _- j^^ 

which is the equation required. 

Zntexpretation. 

1. To interpret the equation, we begin by determining 
the points in which the circumference cuts the co-ordinate 
axes. 

The co-ordinates of these points must satisfy, at the 
same time, both the equation of the circle, and the equa- 
tions of the axes. 

The equations of the axis of -X" (Bk. L, Art. 9), being 

x indeterminate, and y = ; 

if we make y = 0, in the equation of the circle, the 

corresponding values of x will be the abscissas of those 

points which are common to the circumference and the 

axis of -X' ; that is, 

X z=z ± JB; 

which shows that the curve cuts the axis of abscissas in 
two points, one on each side of the origin, and each at a 
distance from it equal to the radius of the circle. 

2. To find the points in which the circumference cuts 
the axis Y^ make a; = 0, and there results, 

y = ± Hi 
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the axis of J^ therefore, intersects the circumference in 
two points, equally distant from the origin, one above the 
axis of -Z^ and the other below it. 

3. To trace the curve between these points, find the 
value of y from the equation of the circle, which gives. 



Now, since every value for aj, gives for y two equal 
values, with contrary signs, it follows that the curve is 
symmetrical with respect to the axis of JT; and in the 
same manner, it may be shown to be symmetrical with 
respect to the axis of Y, 

Beginning at the point where oj = 0, we have, 

The values of y then decrease, numerically, as x increases 
numerically; and when x becomes equal to ± jK, we have, 

y = 0; 

hence, the curve intersects the co-ordmate axes in four 
points, at a distance from the origin, equal to R. 

4. If X becomes greater than ± i?, the values of y 
become imaginary, which shows that the curve is limited 
both in the direction of x positive, and of x negative. 

By placing the equation under the form, 



X = ±-/S^-y% 

we may show, that the circumference is also limited in the 
direction of y positive, and in that of y negative. 
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5. By attributing a particular value to either of the 
variables, in the equation, * 



y = ±^/lt^-x\ 

the corresponding values of the other variable may be found. 
If we suppose i2 = 1, and then make, 

a; = 0, we have, y = ± 1. 



1 


gives. 


y = 


3 


gives, 


y = 


&c.. 


<fec.. 




6. IJ^ in the 


equation. 






x^ + y^ 


= iP, 



y^ ±\/S = i^' 



&c. 



a; and y denote the co-ordinates of a point within the cir- 
cumference, the equality will be destroyed, and x^ + y\ 
will be less than i2^, and we shall have, 

a^ + y2 _ 222 <; ; 
that is, negative. 

For a point on the curve, 

and for a point without the curve, 

a;2 + y3 - i22 > ; 
that i§, positive. 

7. The equation, 

y2 --, 7J2 _ jb2^ 

may be put under the form, 

y2 = (i2 + x) (72 - a;), 
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in which the factors, H + x, and JR — x^ are the two 
segments into which the ordinate y divides the diameter; 
this ordinate is, therefore, a mean proportional between the 
two segments.* 

8. The equation of the circle may also be placed under 
another fprm, by transferring the origin of co-ordinates, 
from the centre to a point of the circumference. 

For this transformation, we have the Formulas (Bk. L, 
Alt. 28), 

X = a + x\ and y = ft + y'. 

Let the origin be transferred 
to j5. 

The co-ordinates of this point 
are, 

a = — JR^ and 5 = 0; 
hence, 
cc = — H -\- x\ and y — y\ 

Substituting these values in the equation, 

y^ =z I^^ x\ 
we obtain, 

y'2 _ 2JRx' — a5'2 ; 

or, omitting the accents, 

y^ = 2Bx — x^ ; 

which is the equation of the circle when the origin of 
co-ordinates is in the circumference. 

9. When the absolute terra in the equation of a line 
is wanting, the line will pass through the origin of co- 
ordinates. 




* Legendre, Bk. IV. Prop. 23. Cor. 
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For, the co-ordinates of the origin are, 

a? = 0, and y = 0; 

these values being substituted in any equation wanting the 
absolute term, will reduce both members to 0; hence, the 
co-ordinates of the origin will satisfy the equation of the 
line; and, therefore, the line will pass through the origin. 

5. There is yet a more general form under which the 
equation of a circle may be expressed. 

The characteristic property of the circumference of a 
circle is, that all its points are at an equal distance from 
the centre. To express this pro- 
perty, ancdyticaUy^ and in a gen- 
eral manner, designate the co-or- 
dinates of the centre by x' and 
y' ; the co-ordinates of any point 
of the circumference, by x and 
y, and the radius by R. 

The distance from any point, 
whose co-ordinates are x\ y\ to a point whose co-ordinates 
are x and y (Bk. I., Art. 19), is, 

(x - xy + (y - yy = i2*. 

This, therefore, is the most 
general equation of the circle re- 
ferred to rectangular co-ordmates. 
By attributing proper values and 
signs to x' and y', the centre may 
he placed at any point in the 
plane of the co-ordinate axes. 

1. To find the points in which 

5 




.1 — 
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the circumference intersects the axis of -X^ make y = 0, 
and we have, 

X = x' ± -v/S^"^^^, 

from which we see, that the values 
of X will become imaginary when 
y' exceeds -R, and it is plain that 
in that case there wiU be no in- 
tersection. 

2. To find the points in which the circumference* inter- 
sects the axis of Y^ make a; = 0, and we have, 




.y = y' dz -/S^- x'\ 
in which the values of y will be imaginary, if a;' exceeds JR, 

3. If the co-ordinates of the 
centre of a circle are. 



x' = — 2, and y' = — 4, 

and the radius equal to 6, its 
equation will be, 

{x + 2)2 + (y + 4)2 = 36, 



from which the circumference may be readily described. 
Find the points in which it cuts the co-ordinate axes. 




Supplementary chords. 

6, Supplementary Chords, are pairs of chords drawn 
through the extremities of a diameter, and intersecting 
each other on the curve. 
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Supplementary chords of the circle are at right angles. * 

7. Let A be the origin of co-ordinates, and JS and JS', 

the extremities of a diameter. 

The equation of a straight line 
passing through a given point, is 
of the form (Bk. L, Art. 20), 

If the line passes through the 
point jB, whose co-ordinates are 
x' = 4- -R, and y'= 0, its equa- 
tion ynH be, 

y = a(x^Ii) (1.) 

For a like reason, the equation of a straight line passing 
through B\ whose co-ordinates are a?' = — i?, and y' = 0, is, 

y = a'{x + H) (2.) 

If these two lines intersect each other, the co-ordinates 
of their point of intersection will satisfy both equations. 
Hence, if we suppose «, in one equation, to be equal to x 
in the other, and y equal to y, and then combine the 
equations by multiplying them together, member by mem- 
ber, the resulting equation, 

y2 = aa'ix' - jR^), . . . . ( 3.) 

will express the condition, that the two straight lines shall 
intersect on the plane of the co-ordinate axes. 

But, if the point of intersection is in the circumference of 
the circle, x and y must satisfy the equation, 

x^ + y^ = IP, (4.) 
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or, y2 -_ 7J2 _ jb2 _ _ 1(3.3 _ £2y 

Hence, aa' = — 1, or, aa' + 1=0. 

The two supplementary chords, therefore, are at right 
angles (Bk. I., Art. 23 — 2). 

1. In the equation of condition, 

aa' + 1 = 0, 

the two tangents a and a\ are undetermined; there are, 
therefore, an infinite number of values which may be at- 
tributed to either of them, that will satisfy the equation ; 
which shows, that there is an indefinite number of sup- 
plementary chords that may be drawn through the extrem- 
ities of the same diameter, each pair of which will be at 
right angles. 

2. If it be required, that one of the supplementary 
chords shall make a given angle with the axis of J^ its 
tangent a or a', becomes known ; and then, the value of 
the other tangent may be found from the equation of con- 
dition. 

3. If either a or a' is equal to 0, the other will be in- 
finite ; which shows, that if one of the chords coincides 
with the axis of -X^ the other will become perpendicular 
to it. 

Tangent line to the circle. . 

8. It is required to find the equation of a tangent line 
to a circle. 

Let A be the origin of co-ordinates, and, 

a2+y^= ir^ (t.) 

the equation of the circle. 



1 
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Take any point of the 
drcumference, as P, and de- 
signate its co-ordinates by 
a;", y'\ Through this point 
draw a secant line ; its 
equation will be of the form 
(Bk. L, Art. 20), 




y — y" = a{x — x") 



. (2.) 



It is required to find the value of a, when the secant 
Ime P-P becomes tangent to the circumference. 

Since the point P is in the circumference, its co-ordinates 
will satisfy the equation of the circle, and we shall have. 

Subtracting Equation (3) from (1), member from mem- 
ber, we obtain, 

a.2 _ x"^ f y^ — y"2 = 0, 

or, {x + a;'0 {x - a") + (y + y") (y - y") =0.(4.) 

in which equation, x and y are the co-ordinates of any 
pomt of the circumference. 

If Equation ( 4 ) be combined with ( 2 ), a; and y, in the 
resulting equation, will be the co-ordinates of the points in 
which the secant 'intersects the xdrcumference. The equa- 
tions are most readily combined, by substituting for y — y", 
in Equation (4), the value of y — y" in Equation (2). 
Making the substitution, we obtain, 

{x + a;") (a; - a;") + (y + y") a{x- x") = 0, 



and, by factoring, we have. 
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which is satisfied by making, 

X - x" =: 0, or, SB + aj" + a{y + y") = 0. 

In the first equation, x denotes the abscissa of the point 
P; in the second, of P'. 

If we suppose the secant 
PP' to turn around the 
point P, the point P' 
will approach P ; and 
when P shall coincide 
with P, the secant line 
will become tangent to 
the circumference. When 
this takes place, we shall have, 

X = a", and y = y", 

and the second equation will give. 




f/ 



_ ^ 



/M 



^"> y"? being the co-ordinates of the point of contact. 
Substituting this value in Equation (2), we have, 



X 



ff 



or, by reducing, 



y -y'' = - p (* - *") 5 



yy 



ff _ .,ff^ _ _ a^ff 



y 



x"x 4- «"% 



or. 



// */"2 



,//2 



yy'' + aa'' = y"^ + ^.^.z^ 



or. 



yy" + aa" = jR^ . 
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in ^hich x and y are the general co-ordinates of the tan- 
gent line. 

1. For the point in which the tangent intersects the axis 
of T] we have sb = 0, and, 

y = p = ^T', 

2. For the point in which the tangent intersects the axis 
of -Zi we have, y = 0, and, 

x" 

Normal Un«. 

9. A Normal Linb to a curve, is a line pei-pendicular 
to the tangent at the point of contact. 

Bvery normal line, in a circle, pauei throiigh the centre. 

10« The tangent of the angle which the tangent line 
to a circle makes with the axis of JT (Art. 8), is, 

■ ^^=-7-' <^-> 

The elg[uation of any straight line passing through the 
point of tangency will be of the form, 

y - y" = a\x - «")• 

The equation of condition requiring this line to be perpen- 
dicular to the tangent (Bk. L, Art. 33 — 2), is, 

oa' 4- 1 = 0, or, a' = . . (2.) 

a 
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^ Substituting for a its value in Equation (1), we have, 






The equation of the normal, therefore, becomes, 



y-v"= ^X^ - «"), 



or, by reducing. 



// 



yx" - y"x = 0; or, y = ^,a;; 

and since this equation has no absolute term (Art. 4 — 9), 
the line passes through the origin of co-ordinates. We have 
thus proved a property well known in Elementary Geometry, 
viz. : that a line perpendicular to the tangent at the point 
of contact, passes through the centre of the circle. 

Polar equation. 

11« The polar equation of a curve, is the equation which 
is obtained by referring the curve to a fixed point and a 
given straight line. The fixed point is called the pole ; the 
variable distance, from the pole to any point of the curve, 
is called the radlxi^^^ector ; and the angle which the radius- 
voctor makes with the given straight line, is called the vari- 
able angle. 

Polar equation of the axde. 

lit. Let it be required to find the polar equation of the 
circle, when the pole is in the circumference. 

The eqxiatiou of the circle, referred to rectangular co-or- 
dinates, when the origin is in the circumference, as at JB\ 

(Art 4— S), is, 

t = 27^0-- jr» (1.) 



BOOK n.] 



THE CIROLB. 



73 



K ^' is the pole of the 
polar co-ordinates, we have 
(Bk. I., Art. 86—1), 

z — r cos V, and y = r sin v. 

Substituting these values 
of X and y, in Equation ( 1 ), 
we have, 



r^ sin^v = 2i?r cos w — r^ cos^v. 
Transposing, and remembering that, 




we have. 



sin^t^ 4- cos^v = 1, 
' — 2jRr cos V = ; 



which is the polar equation of the circle when the pole is 
at B\ and the angle t?, estimated from the axis of X. 



Interpretation of the equation. 

18. Since the polar equation, 

r^ — 2i?r cos v = 0, 

no absolute term, one of the roots is equal to ; * 
which ought to be the case, since the pole is on the curve 
(Art. 4—9). I 

Dividing by this value of r, we obtain for the other value, 

r = 2i2 cosv. 

This value of r will be positive, when the cosv is posi- 
tive ; and negative, when the cos w is negative. But the 



* Bourdon, Art. 251. University, Art. 193. 
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negative values of the radius-vector must be rejected, since 
they cannot enter into the analysis (Bk. I., Art. 35). 

The figure also indicates the same result. For, the cos^? 
is positive in the first and fourth quadrants ; hence, the 
radius-vector is positive when it falls in the first or fourth 
angle. The cosv, is negative in the second and third 
quadrants ; hence, the radius-vector is negative when it 
falls in the second or third angle. 

For w = 0, the cos v = 1, and we have, 

r = 2i2 = B'B. 

When V increases from to 90**, the radius-vector con- 
tinues positive, and determines all the points in the semi- 
circumference BCB\ 

This may also be verified. For, in the right-angled 
triangle B' GB, 

B'C z=: B'BqosBB'C',* 

that is, r = 2B cos v. 

When V becomes equal to 90®, cosv = 0, and r is 0. 
The radius-vector then becomes tangent to the circumfer- 
ence, since the two points in which it before cut it, have 
united. 

From V = 90°, to v = 270°, the cos v is negative ; 
and there is no point of the curve either in the second 
or third angle. 

From V = 270°, to v = 360°, the cos v is positive, 
and the radius-vector will determine all the points of the 
semi-circumference, below the axis of abscissas. 

* Trig. Art. 30. 
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2. If the pole be placed at the point B^ whose co-ordi- 
nates are, 

a = + i?, ft = 0, 

the equation will become, 

r = — 2iJ cosv. 

In this equation the ra- 
dius-vector will be negative, 
when cosv is positive, and 
positive, when the cost; is 
negative. 

Hence, the radius-vector 
will not give points of the 
curv^e from v = 0, to v = 90°. It will give points of the 
curve from v = 90°, to v = 270° ; and it will again feil to 
determine a curve from v = 270°, to v = 360°. The fig- 
ure verifies these results. 

3. If we place the pole at the centre, the equations 
for transformation, wiU become. 




oj = r cos v, y = r am V. 
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1. An Ellipse is a plane curve, such, that the sum. of 
the two distances from any point, to two fixed points, is equal 
to a given distance. Thus, if 
F' and F be two fixed points, 
and AB a given distance ; 
then, if F'P + PF, is con- 
stantly equal to -4j5, for every 
position of the point P, the 
curve APUP will be an el- 
lipse. 

1. The fixed points, JP^'and F, are called foci of the 
ellipse. 

2. The line AB^ passing through the foci, and limited 
by the curve, is called the transverse axis; and the 
extremities A and B^ the vertices of the transverse axis. 

3. The point (7, on the transverse axis, and equally dis- 
tant from the foci F' and F^ is called the centre of the 
ellipse. 

4. The line DD' drawn through the centre, perpendi- 
cular to the transverse axis, and limited by the curve, 
is called the conjugate axis^ and J) and B' are its vertices. 



Construction of the Ellipse. 

2. — 1. We can easily construct an ellipse when its trans- 
verse axis and . foci are given. 
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Let F' and F be the foci, 
and AB the transverse axis. 
Take a thread, equal in length 
to AB^ and fasten its two ex- 
tremities, the one at F\ and 
the other at F, Press a pencil 
against the thread, and move 

it around the points F^ F\ keeping the thread constantly 
stretched: the point of the pencil will describe an ellipse; 
for, in every position of the pencil, we shall have, 

F'P Jf PF z=z AB, 

which is the characteristic property of the curve. 
2. When the pencil is at j5, we have,. 
AB = BF' + BF; but, BF' = FF' + FB\ hence, 

AB = FF' + 2BF .... (1.) 
When the pencil is at A, we have, 

AB = AF + AF' ; but, AF = FF' + AF' ; hence, 

AB = FF'+2AF' .... (2.) 

Equating the second members of Equations ( 1 ) and ( 2 ), 

cancelling the common term FF\ and dividing by 2, we 

have, 

BF = AF'; 

that is, the- distances from the fod to the vertices of the 
transverse axis are equal. 

Since the centre C is the middle point of F'F (Art. 1-3), 
it follows, that the centre C is also the middle point of 
the transverse axis. 



\ 



\ 
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3. We may also construct the ellipse by points^ wheu 
the transverse axis and foci are given. 

Let AB be the transverse 
axis of an ellipse, and F' and 
F the foci. Take, in the di- 
viders, any portion of the trans- 
verse axis, as AD^ and with 
the focus F\ as a centre, de- 
scribe the arcs p and q. With 

jB2>, the remaining part of the transverse axis, as a radius, 
and the other focus -FJ as a centre, describe two other 
arcs intersecting the former; the points of intersection Avill 
be points of the curve. For, the sum of the distances 
from p or q^ to F' and F^ is equal to AJB, 

K with the radius AD^ two arcs be described from the 
focus Fy and with the radius 3D two arcs be described 
fi'om the focus F\ these arcs will also determine, by their 
intersections, two points of the curve; so that, for each 
time we take a part AD of the transverse axis, we shall 
determine four points of the curve. 

4. Construct an ellipse when its axes are given. 
If from either vertex of the 

conjugate axis, as 2>, the lines 
DF\ DF, be drawn to the 
foci, they will be equal to each 
other. 

For, in the two right-angled 
triangles, F' CD, FOD, OF' 

is equal to CF^ and CD is common ; hence, the hypo- 
thenuse DF' is equal to DF* 

» Legendre, Bk. IV. Prop. 11. 
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But F'D + DF is equal to AB ; hence, DF\ or DF, 
is equal to CB, li, therefore, with either vertex of the 
conjugate axis as a centre, and with a radius equal to 
half the transverse axis, the circumference of a circle be 
described, it will intersect the transverse axis at the foci. 
Having found the foci, the ellipse may be constructed, as 
in the last case. 




Bquation of the ellipse. 

8. Let F' and F be the foci, 
and denote the distance between 
them by 2e ; then, CF or CF' 
= c. 

Let P be any point of the 
curve. Designate the distance 
FP, by r', and FP, by r. Let 

' 2A = AB^ denote ♦the the given line, to which the sura, 
F'P -i- FP^ is to be constantly equal. 

Through (7, the middle point of F^F^ draw CD perpen- 
dicular to F'Fj and let O be the origin of a system of rect- 
angular co-ordinates, of which AB^ DD\ are the axes. De- 
note the distance CD by B^ and let x and y denote the 
co-ordinates of any point, as P, 

The square of the distance between any two points, of 
which the co-ordinates are jc, y, and x\ y' (Bk. L, Art. 
19), is, 

(y - y'Y + (aj - «')'— 

If the distance be estimated from the point F\ of which 
the co-ordinates are y' = 0, and a' = — c, we shall have, 
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FT^ = r'2 = y2 4- (« + c)2 . . . (1.) 

If it be estimated from the point F^ of which the co-ordi- 
nates are y' = 0, and as' = + c, we shaU have, 

r2 = y2 ^ (a; - c)2 .... (2.) 

Since the lines intersect each other, the co-ordinates of 
P will satisfy Equations (!•)' and (2) ; hence, the equations 
are simultaneous. 

If we add and subtract them, we obtain, 

r'2 -f r2 = 2(y2 + a;2 + c^) . . . ( 3.) 

and r'2 — r^ = 4caj (4.) 

Equation (4) may be placed under the form, 

(f -F r) (r' - r) = 4ca; ... (6.) 

But we have, from the property of the ellipse, 

r' + r = 2^ * (6.) 

Combining ( 5 ) and ( 6 ), we have, 

^ -^ = -jf C^.) 

Combining (6) and (7), by addition and subtraction, we 
obtain, , 

r' = ^ -f -J . . (8.) and r = u4 — -j . . (9.) 

» 

Squaring both members of Equations (8) and (9), com- 
bining the resulting equations, and substituting the values 
of r'^ and r^, in Equation (3), we obtain, 

-4.2 -f ^ = 2/2 ^ a:2 + c\ 
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Substituting for c^, its value, A^ — B^^ (Art. % — 4), we 
have, 

A^ -f 4^^-^'«»= y« + «» + ^* - ^ ; 

or, ^* + A^x" - J?2a.2 = ^2^2 + ^2^.2 -|- ^i - ^2^2, 
Cancelling and transposing, we have, 

which is the equation of the ellipse, referred to its centre 
and axes. 

Intexpretation of the eqxiation. 
4. 1. If, in the equation of the ellipse, 

we make y = 0, the corresponding values of x will be the 
abscissas of the points in which the curve intersects the 
axis of X (Bk. 11., Art. 4 — l), viz.: 



a; 



+ -4, for B, 



and 



X =z ^A^ for A, 



2. If we make a; = 0, the corresponding values of y will 
be the ordinates of the points in which the curve intersects 
the axis of Y\ viz.: 



y = + ^, for i>, 



and 



y = ^B, for i)'. 



3. If we place the equation of 
the ellipse under the form. 



y = ± f V2* 



05^ 



We see, that for every value of 
cc, as Cff^ whether plus or 
6 . 
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minus, there will be two values for y, numerically equal, 
with contrary signs ; hence, the curve is symmetrical with 
respect to the transverse axis. 

If a; be made greater than A^ whether it be taken plus 
or minus, the values of y will be imaginary; hence, the 
curve will be limited both in the direction of x positive and 
X negative. 

4. If we place the equation 
under the form. 




X = ± ^y/B^ - y\ 



we see, that for every value of 
y, whether positive or negative, 

as GN^ there will be two equal values of jb, with con- 
trary signs ; hence, the curve will be synmietrical with re- 
spect to the conjugate ?ixis. If y be made greater than j5, 
either positive or negative, the values of x will be imagin- 
ary ; hence, the curve will be limited in the direction of y 
positive and y negative. 

5. The equation of the ellipse, 

^2y2 + J52a.2 _, A?Bi^ 

may be put under the form, 

and this equation wiU be satisfied, 

so long as x and y denote the co-ordinates of points of 

the curve. 

If we take any point, as P', without the curve, its ordi- 
nate P'2>, wiU be greater than the ordinate of the curve. 
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If we denote this ordinate by y, the first member of the 
equation, instead of reducing to 0, will be equal to a posi- 
tive quantity. 

I^ on the contrary, we take a point P", within the curve, 
its ordinate -P'2>, will be less than the ordinate of the 
curve ; and if we designate this line by y, 'the first member 
of the last equation will be negative. 

4 

Therefore, the following analytical conditions will deter- 
mine the position of a point, with respect to the curve of 
the ellipse, viz.: 

Without the curve, A^y^ + B^x^ — A^JP > 0. 

In the curve, A^j/^ + B^x^ — A^B^ = 0. 

Within the curve, ^ V + ^^ — ^'-^ < 0- 

BquaUon when the origin is at the Tertez of the tnuurezve azfak 

5. If we transfer the origin 
of co-ordinates from the centre 
C, to Ay one extremity of the 
transverse axis, the equations 
of transformation (Bk. I., Art. 
28), will reduce to, 

X = — A + x\ y = y'- 

Substituting these values in the equation of the ellipse, 

it reduces to, 

which may be put nnder the form, 
y'2 = j^{2Ax' - aj'2), or, y» = ^pAx - x') 
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by omitting the accents. This is the equation of the ellipse 
referred to the vertex of the transverse axis, as an origin 
of co-ordinates. In this equation, the absolute term is want- 
ing, as it should be, since the origin of co-ordinates is in 
the curve (Bk. H, Art. 4 — 9). 



Booentrioity. Polar eqnatioii. 

6. The ECCENTRICITY of an ellipse, is the distance from 
the centre to either focus, divided by the semi-transverse 
axis. If c denotes the distance from the centre to either 
focus (Art. 3), and e the eccentricity, then. 



V<42 _^2 



= 3 = e, 



and e = Ae 



(1) 



1. Resuming Equations (8) and (9) (Art. 8), we have, 
r' z= A -h ex . .;v(2.) and r = A — ex . . (3.) 

For the value of r', the pole is 
J?" ; for .r^it is at I] and the 
origin of coWdinates is at the A 
centre of the ellipse. 

Let us transfer the origin of co- 
ordinates to the focus F\ For 
this point we have (Bk. I., Art. 28), 




SB = — Ae 4- a;', 



and 



V = y'. 



Substituting this value of a? in Equation ( 2 ), we have, 

r" =z A -- Ae^ + ex'. 

But x' •= r'cost? (Bk. I., Art. 35). Substituting this value 
of x\ ^ve have, 
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r' = -4 — A^ + er' cos v ; 

whence, r' = — -\ (4.) 

1—6 cos v 

which is the polar equation, when the pole is at F\ 

2. If t; = 0, cost) = 1, and we have, 

r' = ^^/ - ^'^ = ^(1 -h €) = ^ + c = i^'A 

1 — € ^ 

If t; increases from to 360°, the corresponding values 
of r\ will give all the points of the curve. 

3. If we had transferred the origin of co-ordinates to 
the focus F^ we should have had (Bk. I., Art. ,9§), 

05 = ^6 + x\ and y = y\ 

Suhstituting this value of a; in Equation (8), we have, 

r = -4 — Ae^ — ex\ 

But x' ■=. r cos V. Substituting this value of x\ we have, 

r = -4 — Ae^ — er cos v\ 

whence, r = — ^^ (6.) 

1 4- 6 cos V 

4. We see, from Equations (2) and (3), that when the 
pole is at either focus, the radius-vectors will be expressed 
in rational functions of the abscissas of the points in which 
tbey intersect the curve. It may be easily shown, that the 
foci are the only points in the plane of the curve^ which 
enjoy this remarkable property. 

5. If » = 0, cosw = 1, and we have, 

r = "^1^ ~ ^'^ = ^{1 - c) = A - c = FB. 

14-6 ^ ' 
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If V varies from to 360**, the corresponding values of r 
will give all the points of the curve. The difference be- 
tween Equations (4) and (5) is this: for t> = 0, the value 
of r' begins at the remote vertex; while in Equation (6), 
under the same supposition, the cori'esponding value of r, 
begins at the nearest vertex, 

DiametezB. 

7. A DIAMETER of an ellipse, is a line drawn through 
the centre, and limited by the curve. The points in which 
it intersects the curve, are called vertices of the diameter. 



Every diameter is bisected at the centre. 

8. The equation of the ellipse, referred to its centre and 
axes, is, 

-4V + ^x^ = ^'^B^ . . . . ( !•) 

Since every diameter, as 
II' CH^ passea»through the ori- 
gin of co-ordinates, its equa- 
tion will be, 

y =z ax . . (2.) 

If Equations ( 1 ) and ( 2 ) be 
combined, the values of x and y, in the resulting equation, 
will be the co-ordinates of the vertices H^ and H. 

Combining and eliminating, we have. 




X 



= ± ^-^v/zStb^' 2/ = ± ^^«v/i^ 



+ ^ 
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If we denote the co-ordinates of the point H^ by x\ y\ 
and the co-ordinates of- -ET, by a", y*\ we shall have, 



"^ = ^^V3^T^' y' = "^^"s/a^. 



+ B^ 



^"=-W3^V^' y"=-^a 



V ^2^2+ J? 



Since the co-ordinates of these points are the same, with 
contrary signs, it follows that, 

CII = GH*\ 

that is : Every diameter is bisected at the centre. 



Ordinates to diameten. 

9. An ordinate of a point, to a diameter^ is its distance 
from the diameter, measured on a line paraUel to a tangent 
at the vertex of the diameter. The parts into which the 
ordinate divides the diameter, are called segments. 



Relation of ordinates to each other. 



10. The equation of the el- 
lipse referred to the vertex -4, 
as the origin of co-ordinates 
(Art. 5), is, 

y2 = -j^^^A - x)x. 



If we designate a particular ordinate by y', and its ab- 
scissa by x' \ and a second or&inate by y'\ and its abscissa 
by »", we shall have. 
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y'»= ^{2A-x')x', . . . . (1.) 



and. 



y'" = ^(2^ - «")«" • • • 



. (2.) 



Dividing Equation (1) by (2), we obtain, 



y 



"2 



{^A — x")x 



or. 



y 



n 



y 



"2 



: : (24 - aj'K *• (2^ - «")«"• 




But 2A denotes the trans- 
verse axis AB^ and since 
x' = AD, 2A- x' = DB ; 
therefore, (2^4. — «')*'5 ^® *^® 
rectangle of the segments AD,' 
DB, In like manner, 

(24 — a;")a5", is the product of the segments AE, EB. 
Smce the same may be shown for the conjugate axis, we 
conclude that, 

The squares of the ordinates, to either axis of the el- 
lipse, are to each other as the rectangles of the correspond- 
ing segments into whic/i they divide the axis. 



Parameter. 

11. The Parameter of the transverse axis, is the doable 
ordinate passing through the focus. 

To find its value, let us take 
the Polar Equation (5) (Art. 6), a / 

viz.: 



r = z 



A{1 - e^) 
1 4- e cos V 
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If we make v = 90°, the radius-vector will be per- 
pendicular to the transverse axis, and r will be equal to 
the ordinate. Under this supposition, cos v = 0, and we 
shall have, 



In Art. 6 we have. 



6^ = 



A^ 



Substituting this value for e\ we have, 

A^- J^\ JP 



= 4 



^2 



/ ~ A 



Hence, parameter = 



2JS^ _ 41P 
"3" ~ 2Z 



= 2r 



If* we write this in a proportion, we have, 

2 A : 2JB : : 2JB : parameter ; that is. 

The parameter of the transverse axis is a third pro- 
portional to the transverse axis and its conjugate, 

1. In the polar equation, when the pole is at the focug, 
the numefratOTy in the value of r, is equal to half the 
parameter. ' 

Sllipse and circumacribing circle. 

12. If on the transverse axis 
-4j5, the circumference of a 
circle be described, it is re- 
quired to find the relation be- 
tween any ordinate QD^ of the 
drcle, and the ordinate JZZ>, of 
the ellipse, corresponding to the 
Bame abscissa CD. 
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Let F"' denote any ordinate of the circle, and y' the 
corresponding ordinate of the 
ellipse, and x^ the common ab- 
scissa. We shall then have (Bk. 
IL Art. 4—5), 



/ 



r'2 = ^2 _ a.'2 , 



(1.) 



We also have from the equa- 
tion of the ellipse referred to 
its centre and axes (Art. 8), 




y'^ = 



J52(^2 _ a.'2) 



(2.) 



Dividing Equation (2) by (1), member by member, we 
have 



y 



'2 



Y'^ 






y 

or -— = 



B 

A' 



Therefore, 



T' \ y' \: A \ B\ that is. 



The ordinate of the circle^ is to the corresponding ordi- 
9iate of the ellipse^ as the semi-transverse a/xis^ to the semi- 
conjugate, 

1. It follows, from the above proportion, that every or- 
dinate of the circle is greater than the corresponding ordi- 
nate of the eflijie^; hence, every point of the ellipse, ex- 
cept the vertices- of the transverse axis, is within the cir- 
cumfevence of the circle : therefore, the transverse axis is 
greater than any other diameter. 



2. If -B is made egual to A^ the ellipse becomes the 
circmnference of the OTcle described on the transverse axis. 
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EUipse and JnaoailMd dicla. 

13, I^ on the conjugate axis, 
dD\ the circumference of a 
circle be described, it is re- 
quired to find the relation be- 
tween any ordinate, PiV, of the 
circle, and the ordinate JO^ 
of the ellipse, corresponding to 
the same abscissa CN". 

Denote the ordinates, NT and iOf, by X' and x% and 
designate GN^ by y'. We shall then have, 

X'2 = J52 - y'2, 




and. 



hence. 



a," = ^V - y") ; 




«'» A^ xf 


A 



therefore. 



X' : aj' : : B : -4; that is, 



The ordinate of the circle is to the correspo^iding ordi" 
nate of the ellipse^ as the semi-conjugate axis is to the 
semi-transverse, 

1. Since ^ > j5, every ordinate of the ellipse is greater 
than the corresponding ordinate of the circle : therefore, 
every point of the ellipse, except the vertices of the con- 
jugate axis, is without the circumference of the circle. 
Hence, the conjugate axis is less than any other diameter, 

2. If A is made equal to J5, the ellipse becomes the 
circumference of the circle described on the conjugate axis. 
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Equation of the Tangent. 

14« It is required to find the equation of a tangent 
line to the ellipse. 

Take any point of the curve, 
as P, and . designate its co- 
ordinates by x'\ y". Through 
this point, draw a secant line; 
its equation will be of the 

form, 

y -y" ^ a{x- x") .... (1.) 

It • is now required to find the value of a, when the 
secant line PJP' becomes tangent to the curve. 
The equation of the ellipse is, 

^V ^ ^2a.2 _ ^2J52 .... (2.) 

Since the point P is in the curve, we shall have, 

^y'2 + ^V2=^2^ .... (3.) 

Subtracting (3) from (2), we have, 

^2(y2 _y'/2) + ^(a.2 — x"^) = 0; 
or, 

^'(y + 2/'0 (y - y") + ^(aj + «") (« - a;") = o. (4.) 

In this equation, x and y are the co-ordinates of any point 
of the eHipse. 

If Equation ( 4 ), be combined with Equation ( 1 ), the 
co-ordinates x and y, in the resulting equation, will be the 
co-ordinates of the points in which the secant intersects 
the ellipse. These equations are most readily combined, by 
substituting for y — y'\ in Equation (4), the value in 
Equation ( 1 ). Substituting, we obtain, 
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or, by factoring, we have, 

an equation, which may be satisfied by making, 

x-x'' = ; or, A^a(y + y") + ^(a; + a;") = 0. 

Li the first equation, x is the abscissa of P; in the 
second, x and y are the co-ordinates of -P\ 

If we suppose P to move 
towards P, we shall have, 
when it coincides with it, 



X = a", and y = y" ; 

which will give, from the last 
equation, 

a = — 



P'.^ — 1 


— ^*=r 


1 \ 




V 


1 




) 



Ay 



Substituting this value in Equation (1), we have, 



.'f 



y - y ' = 

or, by reducing, 






or, A^yy" + B^xx'' = A^'^ + -^a"^ ; 

or, A^yy" -k B^xx" = A^B^, 

which is the equation of the tangent line, and in which, 
y and x are the general co-ordinates of its points. 



Sub-tangent. 

IS. A SUB-TANGENT is the projection of the tangent on 
the axis of abscissas, or on the axis of ordinates; that is, 
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it is the part of either axis, from the point of intersection, 
to the foot of the ordinate. 

1. To find the sub-tangent, take the equation of the tan- 
gent, 

If, in this equation, we 
make y = 0, we fipd, 



X = 



J.2 



X 



rt ? 




R B T 



which is the line CT, 

If from CTy we subtract 
Ci?, which is designated 
by »", we shall have the sub-tangent, 

x' x" 

2. This expression for the sub-tangent 772, is independent 
of the conjugate axis, and will, therefore, be the same for 
all ellipses having the same transverse axis AS^ and the 
points of tangency in the same perpendicular RP. Hence, 
if the circumference of a circle be described on the trans- 
verse axis, and the ordinate RP be produced till it meets 
the curve at §, the tangent, at this point, will pass through 
the common point T, 

3. If we determine, in like manner, the sub-tangent on 
the conjugate axis, it wiU be independent of the transverse 
axis. 

Bquatlon of the normaL 

16. Since the normal passes through the point of tan- 
gency (Bk. II., Art. 9), its equation will be of the form, 
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y" = a'{x -aj"), . . . (1.) 



and since it is perpendicular to the tangent, we shall have, 



aa' + 1 = 0. 



But we have found (Art. 14), 



a = — 







hence, a^ =. —^- 



Suhstituting this value in Equation (1), we have, 
which is the equation of the normal line. 



Sub-normaL 

11. A SUB-NORMAL is the projection of the normal on 
the axis; that is, it is the part of the axis which lies di- 
rectly under the normal. 

1. To find the sub-normal iV7?, take the equation of 

the normal, 

A^ y", 

y-y ^-^ ^'^^ - ^^ )» 

and make y = ; this will give, 

X = CN = :41z_:?!a." = eV (Art. 6). 

If we subtract this value from (772, which is denoted by 
aj", we shall have the sub-normal. 
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Nomial biflecU tlie angle of the two liiies drawn to the focL 

1§« If from P, any point 
of the curve, we draw two 
lines to the foci F^ and Fy 
and recollect that CF\ or 
GFy is equal to c = Ae 
(Art. 6), we have, by using 
the value of CN = e^a;" (Art. 17), 

F'N = F'C + ON = Ae^- «V = e(A + esc") ; 

and, FN = OF - ON = Ae- eV = e[A - ex"). 

Hence, Flf : FN : : A + ex" : J. - ex". 

By referring to the values of r' and r (Art. 8, Equations 

(* 
(8) and (9), and recollecting that -j = e, we have, 



hence. 



r' : r : : A '\- ex : A —^ ex; 

r' : r : : F'N : FN; 



therefore, FN bisects the angle F'FF * 



Tangent line and lines to the fooL 

19. Let C be the cen- 
tre of the ellipse, FT Sk 
tangent, and FF\ PF, 
two lines drawn to the 
loci. Draw the normal, 
FN Then, since NPH 
and NPT are right angles, they are equal. From each^ 

♦Legendre, Bk. IV. Prop. 17. 




T~^ 
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take the equal angles, IfFF' and NPFy and there will 
remain F'PH^ equal to FPT. Hence, 

If a line he dravm tangent to an ellipse at any pointy 
and two lines he drawn from the same point to the two 
foci, the lines drawn to the foci will rruike equal angles 
with the tangent. 

Supplementary chords. 

20. Let AB be the trans- 
verse axis of an ellipse. 

If a straight line be drawn 
through the point -4, whose 
co-ordinates are, 

«' = - ^, y' = 0, 




its equation will be. 



y = a(a5 + A\ 



If a line be drawn through J5, whose co-ordinates are, 



x' = A, 



and 



y'= 0, 



its equation will be. 



y = a\x — A). 



If these lines intersect each other, we have, 

y2 = aa'{x'^- -4^); . . . . (1.) 

and if they intersect on the cui*ve of the ellipse, x and y 
must satisfy the equation. 



B^ 



- |J(«5^ ~ -4^). . . (2.) 
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By combining Equations (1) and (2), we have, 

aa' = — -jij; that is, 

If^ through the vertices of the transverse axisy two sup- 
plementary chords he dravm^ the product of the tangents 
of the angles which they form with itj wiU be negative^ 
and equal to the square of the ratio of the semi-axes. 

1. Since the product of the tangents is negative, the 
angles to which they correspond will faU in different quad- 
rants.* 

2. In the equation, 

there are two undetermined quantities, a and a'; hence, 
an infinite number of pairs of supplementary chords may 
be drawr. through the extremities of the diameter AJB. 
If, however, a value be assigned to a, or a', that is, if 
one of the supplementary chords be given in position, the 
equation of condition will determine the other, and there- 
fore, the corresponding supplementary chord may also be 
drawn. 

3. If the ellipse becomes a circle, we shall have, 

aa' = — 1, 

or, aa' +1=0; 

which shows, that the supplementary chords are perpen- 
dicular to each other, a property before proved (Bk. II., 
Art. 7). 

* Legefldre, Trig. Art. 18. 
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Supplementary chords. Tangent and diameter. 

21. Let FT be a tan- 
gent line to the ellipse, and 
denote the co-ordinates of 
the point of contact by a;", 
\f\ Then (Art. 14), 

E a diameter be drawn through the point P, its equa- 
tion will be, 




// 



y" = aV, 



and 



«' = |r, . . (2.) 



Multiplying Equations ( 1 ) and ( 2 ), member by member, 



aa' = r. 



^ 

A^ 



When a and a' denoted the tangents of the angles which 

the supplementary chords make with the transverse axis, 

we had (Art. 20), 

JB2 



hence, 



«« = -z«; 



aa' = aa\ 



If, in this equation, we make. 



a = a^ 



we shall have. 



a' = a' ; that is. 



If one chord is parallel to the tangent^ the other will be 
parallel to the diameter passing though the point of conr 

tact. 



J 
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Or, if we make, 
we shall have. 



a' = a\ 



a = a 



that is. 



If one of the chords he made parallel to the ditxmetery 
the other will be parallel to the tangent, 

1. Since the co-ordinates of the points P and i^, are the 
same with contrary signs (Art. 8), the value of a, in Equa- 
tion ( 1 ), will be the same, whether we eonnder the tangent 
at P or P' ; hence, 

Hve tangents drawn through the extremities of the same 
diameter are parallel. 

Oonstmction of tangent lines to the ellipser 

aa. Construct a tangent line to an ellipse, at a given 
point of the curve, when the axes are given. 




Metiiod. 

Let P be the given point. 
On the transverse axis ABy 
describe a semi-circumfer- 
ence, and through P, draw 
PjB perpendicular to ABy 
and produce it till it meets 
the circumference at P. 
Through P', draw a tan- 
gent line to the circumference of the circle, and from T, 
where it meets AB produced, draw jTP, and it will be 
tangent to the ellipse at P (Ai*t. 15), 

1. The angle CP J' being aright angle, the angle CPT^ 
which lies within it, is obtuse* Hence, the angle formed 
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hj a tangent mie, and the diameter passing through the 
point of contact, is, in general, obtuse. 

If the point of tangency be at either vertex of the trans- 
verse axis, the tangent line to the ellipse will coincide with 
the tangent line to the circle, and will then be perpendic- 
ular to the transverse axis. Or, if the point of contact is 
at either vertex of the conjugate axis, the tangent line to 
the ellipse will become parallel to the tangent Ifte to the 
drcle, and, consequently, perpendicular to the conjugate axis. 




Second method. 

23. Let C be the centre 
of an ellipse, A£ the trans- 
verse axis, and P the point 
of the curve at which the 
tangent is to be dra^vn. 

Through P, draw the 
semi-diameter P(7, and through A^ draw the supplementary 
chord AJIy parallel to it. Then draw the other supplement- 
ary chord JBir, and through P,. draw JPT parallel to BJI; 
then will JPT be the tangent required (Art. ai). 

Third method. 

24. Let P be the given point. Find the foci P" and P! 
(Art. 2 — 4.) From P, draw 
the lines PP' and PI" to 
the foci. Produce I^'P^ un- 
til PM shall be equal to 
FF, and draw FM. Then 
draw PT perpendicular to 
Pilf, and it wiU be the tangent required, since it makes 
equal angles with the lines PP' and PF (Art. 19V 
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To draw a tangent parallel to a giWn line. 



95. Let AJS he the transverse axis, and M the given 
line. 

Through the vertex JB 
draw the supplementary 
chord JBG, parallel to M, 

Then draw AG, and 
through %he centre C draw 
OP parallel to AG, and 
produce it till it meets 
the ellipse again at P'. 

Through P, or P', draw a parallel to G3^ and it will 
be the tangent required. 

1. We see, from this construction, that if two tangents 
be drawn to the ellipse through the two extremities of 
the same diameter, they will be parallel to each other. 




To draw a tangent through a point without the carve. 

26. Let M be the given . 
point. With either focus, 
ad JF\ as a centre, and a 
radius equal to the trans- 
verse axis, describe the arc 
KJSriT^ Then, with M 
as a centre, and a radius 
equal to JIfPJ the distance 
to the other focus, describe 
the arc FKHK', intersect- 
ing the former in K and 
K\ Through K^ draw KF* \ and through P, where it 
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intersects the ellipse, draw the straight line MPT^ and it 
will he tangent to the ellipse, at P, 

For, since P is a point of the ellipse, F^P + PF is 
equal to the transverse axis. But F^P -|- PFI is equal to 
the transverse axis, by construction. Hence, PF = PK. 

Further, since the arc FK is described from the centre 
M^ MF = MK\ hence, the line MP has two of its 
points each equally distant from the points -F q|^d -ff'; it 
is, therefore, perpendicular to FK* ; and since the triangle 
FPK is isosceles, M T will bisect the vertical angle P, 
The opposite angle F'PM^ being equal to TPK^ is equal 
to FPT\ hence, MT is tangent to the ellipse (Art 19). 

1. The two arcs KHK\ KNK'^ will, in general, inter- 
sect each other in two points, K and K\ There will, 
therefore, be two lines, KF\ K^F\ drawn to the focus 
F' ; hence, there will be two points of contact, P, P, and, 
consequently, two tangent lines, Jl/P, MP\ 

CONJUGATE DIAMETEBS. 

ST, Two diameters of an ellipse are said to be con- 
jugate to each other, when either of them is parallel to 
the two tangents drawn through the vertices of the other. 

Smce two supplementary chords may be drawn, respect- 
ively parallel to any diameter and the tangent through its 
vertex (Art. •Jl), it follows, that two supplementary chords 
may always be drawn parallel to any two conjugate diam- 
eters. 

If, therefore, we designate by a and a', the tangents 
of the angles which two conjugate diameters make, re- 
spectively, with the transverse axis, these tangents will 

* Legendre, Bk. I. Prop. 16. Cor. 
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ftilM the condition of sup- 
plementary chords, and sat- 
isfy the equation, 



aa' = — 



m 

A^ 




Let us designate the cor- 
responding angles by a and aj We shall then have, 



sm a _ , sin a' 
a = , and a = ; 



cos a 



cos a' 



Substituting these values in the last equation, and reducing, 

we obtain, 

A? sin a sin a' + 3"^ cos or. cos a' = 0, 

and dividing both members by cos a cos a', we have, 

A^ tan a tan a' + ^-^ = 0, 

an equation, which expresses the relation between the angles 
which two conjugate diameters form with the transverse 
axis. It is called, the equation of condition of conjugate 
diameters. 

In the equation of condition, a and a' are undetermined. 
Hence, any value may be assigned to either of them; and 
when assigned, the value of the other can be determined 
from the equation of condition. 

If a = 0, we shall have, sin a = 0, and cos a = 1. 
Hence, W- cos oJ = 0, and, consequently, cos a' = ; or, 
aJ = 90°. Therefore, when one of the conjugate diame- 
ters coincides with the transverse axis, the other will coin- 
cide with the conjugate axis. The axes, therefore, fulfill 
the condition of conjugate diameters, as they should do, 
since each is parallel to the tangents drawn through the 
vertices of the other. 
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Ellipse referred to its centre and conjugate diameters. 

28. The equation of the ellipse, referred to its centre 

and axes, is, 

Let B'B and DD\ be two ^ 

conjugate diameters. 

It is required to refer the el- 
lipse to these as a system of 
oblique axes, and to find its equa- 
tion. 

The formulas for passing from a system of rectangular 
to a system of oblique co-ordinates, the origin remaining 
the same (Bk. L, Art. 29), are, 

aj = jc' cos a -f- y' cos a', y = a;' sin a -f y' sin a'. 

Squaring these values of x and y, and substituting in 
the equation of the ellipse, we obtain the equation of the 
curve, referred to conjugate diameters; viz., 

(^2gin2a'+ J52cos2a')y'2-f- {A'^^^aL+JPcA)^^a)x'^ ) 
+2(-42 sin a sin a'-f J?2 ^^g f^ qq^ a')£c'y' f ~~ 

But the equation of condition, that the new co-ordinate 
axes shall be conjugate diameters (Art. 37), is, 

A^ sin a sin a' + j52 cos a cos a' = ; 
hence, the equation reduces to, 
[A^ sm2 a'+ J?2 cos2 a')y'2+ {A? sin^ a + ^ cos^ a)x'^= A^B^. 

To find the semi-diameter GB^ make y = ; then, 

A'i'Rz 

A^ sm^ oL -{- B^ cos^ a 
5* 



I 
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If we make x* = 0, we shall have, 

v'2 _- tt^ =- (72>2 = CD'- = J?'2^ 

^ A^ sin^ a' + J52 cos^ a' 

,The denominators, in the two last equations, are the 
coeffic^H^s of a;'2^ y'^, in the equation of the curve, referred 
to obliqi^ tnois. Finding their values, and substituting them 
r in that equation^we have, 

^/2y/2 + ^/2a.^2 _ ^'2J5^2 . 

or, omitting the accents of x and y, since they are general 
variables, 

which is the equation of the ellipse, referred to its centre 
and conjugate diameters. 

This equation, being of the same form as the equation 
of the ellipse, referred to its centre and axes, it follows, 
that every value of x will give two equal values of y, 
with contrary signs; and every value of y, two equal 
values of cc, with contrary signs ; hence, the ellipse is 
symmetrical with respect to either of its conjugate dia- 
meters; that is. 

Either diameter bisects aU chords drawn parallel to the 
other and terminated by the curve. 



Relation of ordinates to each other. 

29, The equation of the ellipse, referred to its conjugate 
diameters, is, 
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If we designate any two or- 

dinates to the diameter ^i?, by 

y', y", and the corresponding 

abscissas by x\ x'\ we shall 

have, 

Vl. - {A' ^x'){A ' --X') 

yn . yfn .. (A! J^ 7^)(A' - Qi) : (J.' + «")(-4' - «")• 

If the ordinates be drawn to the conjugate diameter, 
it may be readily shown, that, 



a'^ 



X 



tn 



:: (-B' + y')(^' - y') : (-B' + y"){^' - y") 



Hence, the squares of the ordinates to either of two 
conjugate diameters^ are to each other as the rectangles of 
the segments into which the}/ divide the diameter. 



Parameter. 



30. The Parameter of any diameter is a third propor- 
tional to the diameter and its conjugate. Thus, if P desig- 
nate the parameter of the diameter 2A\ we shall have, 

2A' : 2B' :: 2B' : P, 



or. 



P = 



2P'2 



Relations between the axes and conjugate diameters. 

31. The equation of the ellipse, referred to its eon- 
jugate diameters, which are oblique axes, is 
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It is required to refer the ellipse to its transverse and 
conjugate axes, which is a rectangular system. 

The formulas for passing from oblique to rectangular 
axes, the origin remaining the same (Bk. L, Art. 30), are, 

, ^ a; sin a' — y cos a' t _ V ^^^ * — « sin a 

~ sin (a' — a) y — gjj^ ^^^t _ ^^j 

Substituting these values of y', a;', we have, 

(1.) 

(^'2 cos^a + j5'2 cos2a')y2.|_ (^'2 ^y^^ ^ ^n sin2a')sB2 

— 2(^'2 gin a cos a + B''^ sin a' cosa')a;y = A'^B'^ sin2(a'— a), 

which is the equation of the ellipse, referred to its centre 
and axes. 

The form of the equation of the ellipse, referred to its 

axes, is 

^y + ^2a^ ^ ^2^ . . . . ( 2.) 

hence. Equation ( 1 ) must be identical with Equation ( 2 ) ; 
* that is, the coefficients of the like powers of the variables 
and the absolute terms, must be equal, each to each;* 
and since the product of the variables does not enter, in 
Equation ( 2 ), its coefficient, in Equation ( 1 ), must be zero. 
Hence, we have, 

u4'2 c;ps2a + J5'2 cos^a' = A^ . . . . (l.^ 

A'^ sin^a + J5'2 sin'a' = B^ . . . . (2.) 

A'^ sin a cos a + B'^ sin a' cos a' = 0, 
A'^B'^ sin2 (a' - a) = A^B^-, 

or, A'B' sin (a' - a) = AB . . . . (3.) 

* Bourdon, Art. 195. XTniversity, Art. 178. 
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The equation of condition, of conjugate diameters (Art. 

A^ tan a tan a' -f ^ = 0. 

If we add Equations (1) and (2), and recollect, that 
cos^a + sin^a = 1, we have. 

Uniting Equation ( 3 ) with the last two equations, and 

changing the order, for convenience of interpretation, we 

have, 

udHan a tan a' + ^2 _> (1.) 

A'B' sin (a' - a) = ^^ (2.) 

^2 + jB'2 = ^2 + ^2 . , , ( 3 ) 

These three equations express the relations that exist be- 
tween a and a\ the semi-axes, A and J?, and any two 
semi-conjugate diameters. A' and B\ 

Interpretation of A^ tan a tan a' + ^ = 0. 

1. If we know the angle which the conjugate diameters 
make with each other, it will be equivalent to knowing a 
or a'. For, denote the known angle by ^ ; 

theD, a' — a = ^ ; 

* 
or, a' = )3 -f- a ; hence, 

tan/3 -f tana 



tana' 



tan (^ + a) = 



tan /S tan a 
Substituting this value of tan a,' in Equation ( 1 ), we have, 

A^ tan^a -|- ( J.2 — ^) tan a tan /3 -t- J52 = j 
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from whicli we can find tan a, and, consequently, a, in terms 
of the axes and the known quantity, tan /3. 




Interpretation of A'B* sin (a' — a) = AB, 

2. Let us suppose the 
ellipse, whose centre is (7, 
to be circumscribed by a 
rectangle, formed by draw- 
ing tangents at the verti- 
ces of the axes, and also 
by a parallelogram, formed 
by drawing tangents at the 
vertices of the conjugate 

diameters. Denote the semi-conjugates, CP and CN^ by 
A' and B'. 

From M^ draw MK perpendicular to CiV^. The angle 
NOP is designated by a' — a, and since MNC is the 
supplement of NGP^ its sine will be equal to sin (a' — a). 
Further, NM = GP — A\ Therefore,* 

MK = ^' sin (a' - a). 

Hence, A'B' sin (a' - a) = OPMN. f 

The second member of Equation (2), A x J5, is equiva 
lent to the rectangle CBJSD, But the parallelogram 
CPMN is one-fourth the parallelogram J/Z, and the rect- 
angle GBHD is one-fourth the rectangle HF \ hence, 
Equation (2) expresses the foUo^ving property: 

The rectangle which is formed by drawing tangents 

* Legendre, Trig. Art. 32. f Mens. Art. 4. 
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through the vertices of the aoses, is equivcUent to the paral^ 
Idogram which is formed by drawing tangents through 
the vertices of two conjugate diameters. 

Interpretation of A"^ + -B'^ = A^ + £^. 

3. If we multiply both members by 4, we have, 

4^'2 + 4J5/2 _« 4^2 ^ 4^^ 

which expresses the following property 

The sum of the squares described on the aoces of an el- 
lipse^ is equivalent to the sum of the sqicares described on 
any two conjugate diameters. 

The area of the ellipse is found in the Calculus, page 75. 
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OF THE PABABOLA. 

1. The* Parabola is a plane curve, such that any point 
of it is equally distant from a fixed point and a given 
straight line. 

The fixed point is called the fo- 
cus of the parabola, and the given 
straight line, the directrix. 

Thus, if i^ be a fixed point, and 
ED a given line, and the point 
P be so moved, that PF shall be 
constantly equal to P(7, the point 
P will describe a parabola, of which 
F is the focus, and DE the di- 
rectrix. 

1. This property of the parabola affords an easy method 
of describing it mechanically. 

Let BL be a given line, and LCD 
a triangular ruler, right-angled at 
C. Take a thread, the length of 
which is equal to the side (72>, and 
attach one extremity at 2), and the 
other at any point, as F, §Place a 
pencil against the thread and the 
ruler, making tense the parts of the 
thread FP. PD. Then, if the side 



^^2^i) 
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GL of the ruler, be moved along the line JffX, the pencil 
will describe a parabola, of which F is the focus, and JBX 
the directrix; for, the distance PF will be equal to P(7, 
for every position of the ruler. 




Bquation of the Parabola. 

2. Let F be the focus, and D C 
the directrix. Denote the distance 
FB^ from the focus to the direc-* 
trix, by />, and let the point -4, 
equally distant from J3 and F^ be 
assumed as the origin of a system 
of rectangular co-ordinates, of which 
-4X, AY^ are the axes. The dis- 
tance AF^ will be denoted by - • 

Let P be any point of the curve, and denote its co-ordi- 
nates by X and y. 
Then, the distance between any two points (Bk. 1. Art. 

1»), is, 

V^" - x'Y + (y" - y'f. 

Substituting for a;", y", the co-ordinates of the point P, 

and for x\ y\ the co-ordinates of F^ which are, oj' = -•, 
and y' = 0, we have, 



jrp 



= \/y^+{r-^ 



But, by the definition of the curve, 



P 



FP = PC = PA + AB =^ + x . . . (1.) 

8 
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Hence, \/y' + (« -f)' = | + «, 

or, y^ + x^ — px + ^ z= ^ ^ px + a^; 

hence, y^ — . 2pxj 

which is the equation of the parabola, referred to the rect- 
angular axes, -4X and AY. 



Interpretation of the equation. 

3. The axis of abscissas, AJ^^ is called the cuxis of the 
parabola, and the origin JL, is called the vertex of the axis, 
or principal vertex, 

1, The equation of the parabola gives, 

y = ± -/2/xc. 

from which we see, that for every positive value of iB, 
there will be two equal values of y, with contrary signs. 
Hence, the parabola is symmetrical with respect to its aocis, 

2. We see, further, that y will increase with a;, and will 
have real values so long as a; is positive. Hence, the curve 
extends indefinitely^ in the direction of x positive. 

If we make ic = 0, we have, 

y = dz 0, 

which shows, that the axis of Y is tangent to the curve, at 
the origin. 

If we make x negative, we shall have, 

y = ± -/— 2/w;; 
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or, y imaginary ; which shows, that the curpe does not pass 
tlie axis of Y^ and extend on the side of x negative. 

3. By a course of reasoning similar to that in Bk. IIL, 
(Art. 4 — 5,) we have the conditions for determining the posi- 
tion of a point, with respect to the curve. They are, 

For a point without the curve, y^ — 2/xb > 0. 
For a point in the curve, y^ — 2/xb = 0. 

For a point within the cui*ve, y* — 2/xc < 0. 

Parameter. 

4. The Parameter of the axis, is the double ordinate 
through the focus. 

1. I^ in the equation of the parabola, 

P 

we make, a; = ~ , the corresponding value of y, will be 

m 

the ordinate through the focus. Under this supposition, 
we have, 

y2 = 2/? X I = ^2 ; or, y = p. 

Hence, 2p = the parameter. 

2. In the ellipse, the parameter of the transverse axis 
is a third proportional to the axes (Bk. HE., Ait. 11) ; in 
the parabola, it is a third proportional to any abscissa 
and the corresponding ordinate. For, from the equation, 

y^ = 2^, 
we* have, 

X : y :: y : 2p. 

3. If the parameter and axis of the parabola are known, 



J 
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we have a simple construction £>r determining points of 
the curve. 

Let AX. Ay. be the co-or- Y 

dinate axes. The equation of /'i^Zfi^^ 

the curve is, 

From • the origin A^ lay off 
a distance AS^ on the nega- 
tive dde of abscissas, equal to 

2p. Then, from -4, lay off any distance, as AP^ and draw 
FM perpendicular to AX. On BP^ as a diameter, de- 
scribe a semi-circumference, and through Q^ where it inter- 
sects the axis AY^ draw QM parallel to AX: The point 
M^ where it intersects PM^ will be a point of the curve. 
For, &om the equation of the circle. 




AQ = JBA.APy 



hence, 



y2 = 2px, 



for any point, M or M^ 



Relation of the ordinates and abscissas. 

5. Denote any two ordinates of the curve, by r/ and 
y'\ and the corresponding abscissas, by jc' and a". We 
shall then have, from the equation of the curve, 



y'2 = 2joaj', and y"^ -- 2^' ; 



hence, 



y^Z . yf/2 






X' 



X' 



by omitting the common fector 2p ; that is, 

The squares of the ordinates are to each other as their 
corresponding abscissas. 
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Polar Eqaatlon. 

6. Let us resume the coiisideration of Equation (1) 
(Art a), which is, 

JPP = r =1 + 05, . . . . (1.) 

and in which the origin of co-ordi- 
nates is at the vertex of the axis. 
The foi-mulas for transferring the 
origin to the focus, whose co-ordi- 



nates are, a = 



P 



and 6=0 



(Bk, L, Art. 28), are. 




« = ^ + a\ and y — y\ 



Substituting this value of a;, in Equation (1), we Lav(V 

r =^+^ + ^' = P+«>' • . . <2.) 

If we denote the variable angle which the ladius-vector 
makes with the axis, by v, we have, 



a' = r cos V ; hence, r z= p + r cixi o ; 



whence, 



r = 



P 



1— cosv 



(3.) 



which is the polar equation of the parabola, when the pole 
is at the focus. 

1. We see, from Equation (2), that the radius-vector 
is expressed^ rationally^ in terms of the abscissa of the 
point in which it intersects the curve. This property is 
peculiar to the focus. 
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IntAxpretation of the polar equation. 
y. In the polar equation, 

P 



T = 



1 — cosw* 



as well as in the corresponding equation of the ellipse, 
which is expressed under a similar form (Bk. III., Art. 6-1), 
the values of the radius-vector begin at the remote vertex, 
that is, in the case of the parabola, at an infinite distance 
from the focus. 

If we ipake v = 0, we have, 

P 

If we make v = 90°, we have, 

r = JO. 

that is, half the parameter. 

If we make v = 180°, we have, 

r = f = i?!4. 

2 

1. If it is desirable that the values of r should begin 

at the nearest vertex, make v = 180° — v', and we shall 

have, 

cosv = — cosv'. 

Substituting, — cosv' for cosv, the equation becomes, 

P 



T = 



1 + cosy 



I > 



in which equation, the values of r begin at the nearest 
vertex, and v' increase from to 360°. 
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Tangent line to the parabola. 

§• Let us designate the co-ordi- 
nates of any point of the curve, as 
P, hy aj", y"; the equation of a 
straight line passing through this 
point will be, 

y-y"= a(a;-a;") . . (1.) 

It is required to determine a, when 
the right line is tangent to the para- 
bola. The equation of the parabola is, 




y 



2px\ 



and, fflnce the point of tangency is on the curve, we also 
have, 

y 



'"2 = 2px'\ 



Subtracting the last equation from the preceding, we ob- 
tain, 

{y + y") (y - y") = 2p(« - a") . . (2.) 

Combining Equations ( 1 ) and ( 2 ), we have, 
(y + y")a{x- x") = 2p(a! - x") ; 
or, transposing and £ictoring, 

(a; - x") [a{y + y") - 2p] = ; 

■ 

an equation which may be satisfied by making, 

a; — a;" = 0, or, a{y + y") — 2^ = 0. 

The first equation corresponds to JP ; in the second, x and 
y are the co-ordinates of P'. When P' coincides with P, 
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P 

a = ~7- 

y 

Substituting this value, in the equation of the line passing 
through P, we have, 

y-y"= ^,{x - X") ; 

and, by reducing, and observing that y"^ = 2^", 

yy" = P{^ + «")> 
which is the equation oif the tangent. 



Sub-tangent. 

9. If^ in the equation of the tan- 
gent, 

we make y = 0, we shall have, 

= !>(« 4- 35") ; 

but since the factor /?, is a constant 
quantity, 




35 + a;" = ; 



or. 



»''== 



«; 



that is, -42>, the abscissa of the point of tangency, is equal 
to — AT \ or, the sub-tangent j?!Z>, is bisected at the 
vertex A. 

The analytical condition, expressed by 



sc + Jk" = 0, 



or. 



AT + AD = 0, 



indicates, that the quantities are numerically equal with 
contrary signs ; hence, they are estimated on different 
sides of the origin. 
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Nonnal and Snb-nonnaL 

10, Let aj", y", be the co-ordinates 
of the point of tangency. Then, the 
equation of the normal will be of the 
form, 

y - y" = a\x - as"), 

and since it is perpendicular to the 
tangent^ 

aa' -h I = 0, 
But we have already found (Art. 8), 




a = 



- P. 



ft 



y 



m 



hence, 



a' = — 



P 



therefore, we have, 



// 



ft 



y -y ^ 



- ?^(a; - a5"), 



which is the equation of the normal. 
1. I^ in the equation of the normal. 



// 



tt 



y - y" = 






we make y = 0, and then find the value of a; — a;", we 
shall have. 



a; — a;" = p. 



But, X is equal to the distance AN^ and a;" to the dis- 
tance AR ; hence, a; — a;" = RN = p ; that is, the sxih- 
normdl is constant^ and equal to half the parameter. 
6 
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Perpendicular from the focui to the tangent. 
!!• The equation of a line passing through the focus, 
whose co-ordinates are, a?' = ^ , and y' = 0, is, 



y = a'(ar_|). 



The condition, that this line shall be perpendicular to 

the tangent, gives, 

oa' -f 1 = ; 



hence. 



a' 



1 
a 



ft 






P 




the equation of the perpendicular 
HF^ therefore, becomes. 

Combining this with the equation 
of the tangent TP^ which is, 

yy" = v{^ + «")5 

and substituting for y"^^ its value 2joaj", and reducing, we 

find, , 

a;(2a;" + />) = ; 

an equation which can only be satisfied when a; = ; hence, 
th^ point 11^ at which the perpendicular meets the tangent^ 
is on the aods of Y, 

la. Through P, the point of contact, draw PD perpen- 
dicular to the axis ; then (Art. 9), 

TA = AD ; and hence, TH = JIP. 
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Therefore, the two right-angled triangles TFH and HFP^ 
have the two sides about the right angle equal ; consequent- 
ly, the triangles are equal, and the angle FTP is equal to 
TPF\ that is, 

The taJigent to the parabola at any point of the curve^ 
makes equal angles with the axis and with the line drawn 
from ike point of tangency to the focus. 

IS. In the right-angled triangle TFH^ in which AH 
ifl perpendicular to TF^ we have,* 



FE^ = FT X FA ; 



or. 



FH = FF X FA. 



But, FA is equal to — jo; hence, it is constant for every 



position of the point of contact ; therefore, FH^ varies as 
the distance FF; that is, 

The square of the perpendicular drawn from the focus 
to the tangent, varies, as the distance from the focus to 
the point of contact. 



CONSTRUCTION OF TANGENT LINES 



Tangent line at a given point of the curve. 



14.— 1. — ^Pirat Method. Let P be 
the ^ven point. Draw PR perpen- 
dicular to the axis. Then, from the 
vertex A, lay o^ AT equal to AB, 
and join T and P ; TP will be tan- 
gent to the curve (Art. 9). 




T A 



» Legendre, Bk. IV. Prop. 23. Cor. 



1 
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2. — Second Method. Draw the or- 
dinate JPjR to the axis, and from the 
foot 72, lay off a distance JRJ^ = jt?, 
and join P and N". Then, draw TP 
perpendicular to P^ at P, and it 
will be the tangent required (Art. 
10). 

3. — Third Method. Join P and the focus JF (next figure). 
Then lay off from JF\ on the axis, a distance FT^ equal to 
FPy and join P and T; PT will be the required tangent. 
(Art. 12.) 




Tangent parallel to a given line. 

15. Let P(7 be a given line, to which a tangent is to 
be drawn parallel. At the focus PJ 
lay off an angle XFP^ equal to twice 
the angle which the given line makes 
with the axis of JK 

Through P, the point at which 
FP intersects the curve, draw PT 
parallel to P(7, and it will be the 
tangent required. 

For, the outward angle PFX is 
equal to the sum of the angles T and TPPI* But PTF 
being equal to the angle which BC makes with the axis 
of -X", is equal to one-half of PFX\ hence, the angle PTF 
is equal to half of PFX\ therefore, the triangle PTF is 
isosceles, and, consequently, PT is tangent to the curve at 

P (Art. 12). 

-* " 

* Legendre, Bk. I. Prop. 26. Cor. 6. 
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Tangent through a given point without the curves 

16. Let (r be a given point, 
through which a tangent is to be 
drawn. 

With Q^ as a centre, and a radius 
equal to GF^ the distance to the 
focus, describe the arc of a circle 
intersecting the directrix at C and 
C, Through C and C, draw two 
lines parallel to the axis BJS^^ inter- 
secting the parabola in P and P'. Through (r, draw 
GP and GP^ and they will be tangents to the parabola, 
at P and P'. 

For, join P and the focus F, Then, since P is a point 
of the parabola, PjP= P(7; and, by construction, GFz=: GG\ 
hence, the line GP has two points, G and P, each equally 
distant from C and F\ it is, therefore, perpendicular to 
QF* Since the triangle CPF is isosceles, PG bisects 
the angle CPF] therefore, PTF = FTP\ hence, TP is 
tangent to the curve (Art. la). 

It may be proved that GP^ is tangent at P'. 



PARABOLA REFERRED TO OBLIQUE AXES. 

17. We have thus far deduced the properties of the 
parabola, from its equation, obtained by referring the cui've 
to a system of rectangular co-ordinates, having their origin 
at the vertex. We now propose to develop some of the 
properties of the curve, by referring it to a system of 
oblique co-ordinates. 

* Legendre, Bk. L Prop. 26. Cor. 



126 ANALYTICAL GSOMETBT. [bOOK IV. 

ZSquation when referred to oblique axes. 

18. The formulas for passing from rectangular to ob- 
lique co-ordinates, when the origin is changed (Bk. I., 

Art. 39 — 1), are, 

• 

X = a -{- aj' cos a + y ' cos a', y = J + aj' sin a + y' sin a' 
Substituting these values of x and y, in the equation, 

it becomes, 

y'2 sin^a'-l- 2a;'y' sin a sina'-j- cc'^ sin^a + ^^— 2ap ) __ 
+ 2(d8ina'— jt)cosa')y'+ 2{Jsina — jpcosa)a;' ) 

In this equation, there are four arbitrary constants, a, 
6, a and a', to which we can assign values at pleasure. 
By giving a fixed value to either, we introduce one con- 
dition into the coefficients of Equation ( 1 ), and by assigning 
values to all, we introduce four conditions. 

Let the values assigned to these arbitrary constants be 

such, that Equation (1) shall contain only the second 

power of y, and the first power of x; that is, reduce to 

the form, 

y2 = 2px, 

This requires that, 

*2 — 2qp = (1.) 

sin^a = (2.) ' 

sin a sin a' = (3.) 

J sin a' —^ cos a' = (4.) 
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Having introduced these conditions, the equation becomes, 



" sin «• 



Let us interpret these four conditions, separately. 
Interpret the equaUon, H^ — 2ap = 0. 



1. This equation of condition 
is of the same form as the equa- 
tion of the parabola, referred to 
the primitive axes. Therefore, the 
co-ordinates of the new origin will 
satisfy the primitive equation, and 
hence, the new origin is on the 
curve at some point as A\ 




Interpret the equation, ain^a = 0. 

2. In this equation of condition, we have, 

sin^a = 0; hence, a = 0, 

which shows, that the new axis of abscissas, X', is parallel 
to the primitive axis A^. 

Interpret the equation, sin a sin a' = 0. 

• 3. This equation of condition, is satisfied by virtue of 
the ana = 0; hence, it is nothing more than the 
second. 
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Interpret the equation, h sina' — p cosa' = 0. 
4. This equation of condition, gives, 

f P 
tan a' = -^ ; 

and since this value of tana' is the same as that found 
in (Art. §), for the tangent of the angle which the tan- 
gent makes with the axis of -^, we conclude that the 
new axis !P, is tangent to the parabola at the new 
origin, A\ 

Interpret the equation, y^ = . .^ , x'. 
19. To simplify the form, put, 

sin^a' ^ ' 

we shall then have, by omitting the accents of the variables, 

y2 = 2p% 

for the equation of the parabola, referred to the new axes. 

The coefficient, 2»', or its equal, - . ^^ , , is called the 

parameter^ of the new diameter JL'JT'. 

Li this equation, every value of x will give two equal 
values of y, with contrary signs ; hence, the curve is 
symmetrical vdth respect to the axis A'JC' ; or, this 
axis bisects aU chords of the parabola which are paralh} 
to the tangent A^Y\ 

1. Diameter^ as a general term, designates any straight 
line which bisects a system of chords draAvn parallel to 
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the tangent at the vertex, and terminating in the curve; 
and the curve is said to be symmetrical with respect to 
the diameter, whether the chords are oblique or perpen- 
dicular to it. In this sense, therefore, every line drawn 
parallel to the axis -4-Zi is a diameter of the parabola; 
hence, all diam^eters of the parabola are parallel to eoAih 
oiher^ a property which ahoiM that the centre of the curve 
is at an infinite distance from the vertex. 

For the area of the parabola, see Calculus, page 72. 



^' 
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OF THE HYPERBOLA. 

1, An Hyperbola is a plane curve, such that the dif- 
ference of the distances from any point of it to two fixed 
points, is equal to a given distance. 

The fixed points are called the focL 

The characteristic property of the hyberbola, gives rise 
to the following constructions of the curve. 



First — By a continuoiu movemenL 

2. Let F' and F^ be the foci, 
and F'F^ the distance between 
them. Take a ruler, longer than 
the distance F'F^ and fasten one 
of its extremities at the focus F'. 
At the other extremity, H^ at- 
tach a thread of such a length, 
that the length of the ruler shall 

exceed the length of the thread by a given distance AB. 
Attach the other extremity of the thread at the focus F, 

Press a pencil, P, against the ruler, and keep the thread 
constantly tense, while the ruler is turned around F\ as 
a centre. The point of the pencil will describe one branch 
of the curve. 

For, PF + PJS is equal to the length of the thread, to 
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which if we add AB^ we shall have the length of the 
ruler. Hence, 

F'P -f PH =: FF+ PB:+ AB; 



or. 



F'P-FP = AB\ 



therefore, P is a point of the hyperbola. 

If the extremity of the ruler, attached at the focus F\ 
he removed, and attached at F^ the second branch of the 
hyperbola, S'AP^ may be described in a similar manner. 

3. The TBANSVBBSE AXIS Is that part of the line drawn 
through the foci, lying between the two branches of the 
curve, as AB. The points A and J9, in which the trans- 
verse axis intersects the curves, are called vertices. 

4. The CENTRE of the hyperbola, is the middle point (7, 
of the transverse axis. 

5. The line CZ>, drawn through the centre, perpendicu- 
lar, to the transverse axis, and equal to the square root of 

2 2 

GF — CB , is called the semi-conjugate axis ; and 2>J9', is 
the conjugate axis. 



Second — Construct the curve by points. 



6. Let AB be a given line, 
and F' and F^ two given points. 
It is required to describe an 
hyperbola, of which AB shall 
he the liransverse axis, and F' 
and jFJ the fod. 
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From the focus -P, lay off a 
distance F^N^ equal to the trans- 
verse axis, and take any other 
distance, as J^-SJ greater than 
F'B. 

With F' as a centre, and F'H 
as a radius, describe the arc of 

a circle. Then, with IF as a centre, and NH as a radius, 
describe an arc intersecting the arc before described, at 
p and q ; these will be points of the hyperbola ; for, 
F'q — Fq^ is equal to the transverse axis AB. 

If, with i?* as a centre, and F'H as a radius, an arc be 
described, and a second arc be described, with JP^' as a 
centre, and NS as a radius, two points in the other branch 
of the curve will be determined. Hence, by changing the 
centres, each pair of radii will determine two points in each 
branch. 



Third — ^When the axes are given. 

y. Since the square ot the semi-conjugate axis is equal 
to the square of the distance from the centre to the focus 
minus the square of the semi-transverse axis, the square of 
the distance from the centre to the focus (Art. 5), is equal 
to the sum of the squares of the semi-axes. 

Let AB and DD\ be the axes 
of an hyperbola. 

At the vertex ^, draw BH 
perpendicular to AB,, and make 
it equal to the semi-conjugate 
axis GI>^ or CD\ Join H and 
the centre C, Then, with G 
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as a centre, and GH as a radius, describe a semi-circum- 
ference, intersecting AB produced in F and F* ; these 
points will be the foci. 
The curves may then be described as before. 




Equation of the Hyperbola. 

§. Let F and F\ be the 
ibci, and denote the distance 
between them by 2c. Denote 
the semi-transverse axis CB^ by 
w4, and the semi-conjugate, (7Z>, 
by B. Let P be any point of 
the curve, and designate the 
distance F' P, by r', and FP, 

by r; then, ^A will denote the given line AB^ to which 
the difference, F' P — PF^ is to be equal. 

Through the centre (7, draw CD perpendicular to F*F^ 
and let G be the origin of a system of rectangular co-or- 
dbates. Let x and* y denote the co-ordinates of any point, 
as P, 

The square of the distance between any two points of 
which the co-ordinates are «, y, and x\ y' (Bk. I., Art. 19), 

(y - yy + (aj - xy. 

If the distance be estimated from the point F\ of which 
the co-ordinates are, a;' = — c, y' = 0, we shall have, 



2 



F'P = r'2 = y2 + (« + c)2 . . . (1.) 

and' if it be estimated from the point F^ of which the 
co-ordinates are aj' = + c, and y' = 0, we shall have, 
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FP ^T'-y^'V (x-cf.. (2.) 

If we add and subtract Equa- 
tions (1) and (2), we obtain, 

y,'2 + ^ _ 2(y2 + a;2 + c^). . (3.) 
and, r'^ — r^ = 4ca; . . (4.) 

Equation (^) may be put under the form, 

(r' + r) (r' — r) = 4ca; . . . . (6.) 
But we have, from the property of the hyperbola, 

r' - r = 2.4 (0.) 




Combining (5) and (6), we have, 



r' + r = 



2«B 



(?•) 



Combining ( 6 ) and ( 7 ), by addition and subtraction, we 
obtain, 



r' = A + 



ex 



(8.) 



and, 



r = — A + 



ex 



• • • • 



(9.) 



Squaring both members of Equations ( 8 ) and ( 9 ), com- 
bining the resulting equations, and substituting the values 
of r'2 and r\ in Equation (3), we have, 



JL2 + 



c^x^ 

■3? 



= y^ -\- ix^ + c^. 
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Substituting for c^, its value, A^ + JS^ (Art. 7), we have, 

A* + A'^x' + B^Qi? = ^V 4. ^2jb2 + A^ + A^B^i 

whence, A^y^ — jB^a?^ = — A^JP, 

which is the equation of the hyperbola, referred to its 
centre and axes. 

Interpretatioii of the equation. 

9. — 1. If in the equation of the hyperbola, 

A^y^ - B^x^ = — A^B^, 

we make y = 0, the corresponding values of x will be 
the abscissas of the points in which the curve intersects 
the axis of -X" (Bk. 11., Art. 4 — 1) ; viz. : 

X = + A, for JS; and, x =z — A^ for A. 

2. If we make aj = 0, the corresponding values of y 
will be the ordinates of the points in which the curve 
intersects the axis of Y^ viz.: 

y = + ^V"^, for D; and, y = - -B\/^l, for D'; 

and since these values are both imaginary, the curve does 
not intersect the conjugate axis (Introduction, p. 24). 

S. If we place the equation of the hyperbola under 
the form, 

B J 

y = ± "tV®^ — ^\ we see, 

1st. That, for every value of x < Ay whether positive 
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or negative, the correspoDding valnes of y will be im- 
aginary. 

2d. That, for every value of as > -4, whether positive 
or negative, there will be two values of y, numerically 
equal, with contrary signs. 

Hence, we sqe, 1st. That both branches of the curve 
are symmetrical with respect to the axis of X, 2d. That 
they do not approach nearer to the centre, than the ver- 
tices B and A, 3d. That from the vertices, they extend 
indefinitely in the direction of x positive and x negative. 

4. By a course of reasoning similar to that pursued in 
(Bk. III., Art. 4 — 5), we find the following analytical con- 
ditions for determining the position of a point with respect 
to the hyperbola: 

Without the curve, A^y^ — B^t? + A^B^ > 0. 
In tlie curve, A'^y^ — B^x^ + A^B^ = 0. 

Within the curve, ^ V _ ^^a, 4. J2^ <^ q. ' 

5. By comparing the equation of the hyperbola with the 
equation of the ellipse, referred to its centre and axes, it is 
seen, that the two are tdenticcUy except in the sign of B^j 
w^hich is minus in the hyperbola, and plus in the ellipse. 
We may, therefore, pass from one equation to the other, 



by substituting for -B, B^— 1. Hence, it follows, that 

Every resuU obtained frcm the eq^tation of the eUipse^ vsiU 
hecotne a correspoi%ding resuU from the equation of the 

hyperbole^ by changing B into B^/— 1. 
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Equation when the origin is at eithar 

10. If we transfer the origin 
of co-ordinates from the centre G 
to -4, one extremity of the trans- 
verse axis, the equations of trans- 
formation (Bk. I., Art, 2§), will 
reduce to, 

« = - ^ + «', 



vertex of the tnounrene axis. 




^^\y? 



/ ']^ c 



4/v: 




A 



y = y'- 



Substituting these values in the equation of the hyper- 
bola, it reduces to, 

J2yf2 _ jj2Q.f2 4. 2B^Ax' = ; 

I 

which may be put under the form. 



J52 



2Ax% 



which is the equation of the hyperbola, referred to the ver- 
tex v4, as an origin of co-ordinates. 

If we refer it to the vertex j5, as an origin, the equation 
will become, 

y'2 = J(2^«' + aj^). 



Cox^ugate and equilateral hyperltbhuu 



11. If on the conjugate axis 
DD\ as a transverse, and a focal 



distance equal to '\/Ji^+ JS^, we 
construct the two branches of an 
hyperbola, their equation will be, 
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or. 



Ahf' - SW = A^B^, 




in which B denotes the semi-trans- 
versfe axis, and A the semi-conju- 
gate. Two hyperbolas, thus con- 
nected, are called conjugate hyper- 
bolas. The conjugate axis of the 
one, is the transverse axis of the 
other, and the focal distances are 

» 

equal. 

1. If the transverse and conjugate axes are equal, the 
hyperbolas are called Equilateral, The equation then be- 
comes, 

y2 _ ^.2 -- _ ^2^ when A is the transverse axis. 



and 



Q? — y^ z= — £^^ when B is the transverse axis. 



These correspond to the case in which the ellipse becomes 
the circle. 

Bocentricity. 

12. The EccENTRicmr of the hyperbola, is the distance 
from the centre to either focus, divided by the semi-trans- 
verse axis, and is denoted by e; hence, c = Ae, 



Polar Equation. 

13. Resuming Equations (8) and (9), (Art. 8), we 
have. 



'•' = ^ + 3' 



and r = — -4 -f 



ex 
A' 



or, r' = ^ -f ea;, . . (1.) and r = — JL + eaj . . (2.) 
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In the. first of these equatione, the pole lies without the 
curve, and in the second, within it. 

1. If the origin of co-ordinates be transferred to the 
focus F\ whose co-ordinates are, — c = — Ae^ and 0, 
we have the formulas (Bk. L, Art. 28), 

a = — Ae -\- x\ and y z=. y\ ' 

Substituting this value of jc, in Equation (1), and 
r'cosw, for x', we have, 

r' = -4 — Ae^ 4- ^t' cos v ; 

whence, r = ,— ^ — --, (3.) 

1 — ^cosv 

which is the polar equation of a branch of the hyperbola, 
m terms of the eccentricity and variable angle, when the 
pole is without the curve, 

2. If the origin of co-ordinates be transferred to the focus 
J^ whose co-ordinates are, + c == Ae^ and 0, (Bk. I., 
Art. 28), we have the formulas, 

X = Ae -f jb', and y = y\ 

Substituting this value of «, in Equation ( 2 ), and r cos t;, 
for «', we have, 

r = -— A + Ae^ + er cos v ; 

, A{1 -e^) , , . 

whence, r = — -r-^ , (4.) 

1 — € cos V ^ ' 

which is the polar equation of a branch of the hyperbola, 
in terms of the eccentricity and variable angle, when the 
pole is within the curve. 
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3. We see^from Equations (1) and (2), that the valaes 
of r' and r, are expressed, rationally, in terms of the ab- 
scissas of the points in which the radius-vector intersects 
the curve. This property is peculiar to the focus, as a 
pole. 



14* A DiAMBTEB of any hyperbola is a Jine drawn 
through the centre and limited by the curve. The points 
in which it intersects the curve, are called vertices of the 
diameter. 

Every diameter is bisected at tiie centre. 



15. I^ in the equations ex- 
pressing the values of a/, y\ a", 
y" (Bk. in., Art. 8), we substi- 
tute for B^ B'^ — 1, we have. 



^'= ^-^v/^^S' 3^= ^^^VSS' 




» 



ft 



= -Wa^:^' y"=-^^«V3S' 



Hence, the co-ordinates of ff' and S^ are equal, with con- 
trary signs, therefore, CH = CH', 



Relation of ordmates to each other. 

16. The equation of the hyperbola, referred to the ver- 
tex B of the transverse axis (Art. lO), is. 
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If we designate a particu]^.r 
ordinate by y', and its abscissa 
by x\ and a second ordinate 
by y'\ and its abscissa hj x'\ 
we shall have, 




y'^ = ^,{2Ax' + x'^). 



and 



ff2 — 



y'* = 



ir\ 



^,{2Ax- + 05"^). 



Dividing the first equation by the second, we obtsun. 



y 



'2 



{2A-j-x^)x' ^ 



y 



fn 



ff\^'t ' 



{2A -h «")« 



or. 



y'2 : y''2 : : {2A + a5')«' : (2^ + x'')x'\ 
m which the segments, are, 



2A -f a;', ' x\ 



and 



2^ + x'\ x'\ 



Hence, f^c squares of the ordinate^ are as the rectangles 
of the segments. 

Parameter. . 

ly. The Parametee of the transverse axis, is the double 

ordinate passing through the focus. 

To find its value, let us take the Polar Equation (4) 

(Art. 18), 

A{\ - e^) 



r = 



1 — e cos V 



If we make v = 90% we have (Bk. HI., Art. ll), 



r = - JL(1 - e% 
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Substituting for e^, its value -7^ — , and reducing, 

r = — r ; hence, Parameter = —-j- = 



A ' 



If we write this in a proportion, we have. 



2A 



2 A : 2B : : 2B : Parameter; that is, 

The parameter of the transverse axis^ is a third propoT- 
tioiial to the transverse axis and its conjugate, 

1. The numerator, in the value of r' or r (Art. IS), is 
equal to half the parameter. 

Equation of the tangent. Sub-tangent. 

18. The equation of a 
tangent to an ellipse, at a 
point whose co-ordinates are 
aj", y" (Bk. DDE., Art. 14), is 



/ 



A^yy'' + Bhsx" = J^B^. 



y 




This will become the equa- 
tion of a tangent to the hyperbola, if we substitute for B^ 
B')/— 1 {Art. O — 5) ; this substitution gives, 

A^yy'' - B'xx'' = - A^B^ ; 

which is the equation of a tangent to the hyperbola, 

1. I^ in this equation, we make y = 0, we have. 



A^ 

CT=:X = ^. 
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Subtracting this from CR = »" we obtain, 



TB = 



X 



// 



which is the value of the sub-tangent. 



Equation of the normaL Sab-nomiaL 



19. The equation of a 
normal line to an ellipse, at 
a point whose co-ordinates 
are a;", y" (Bk. HI., Art. 
16), is 



T3 



y-y = 



B^x 



n 



(aj - «")• 




This becomes, by changing the sign of JB^, 



tt 



y-y" = 






which is the equation of the normal, PIT. 

1. To find the point in which the noimal intersects the 
axis of X^ make y = 0, and we have, 



cir = X = 



A^-^ B^ 



.// 



^i * ' 



and by eubtracting x", we find the sub-normal, 



JBJV = 



A* 
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Tangent bisects the angle of the two lines drawn to the focL 

20. If from P, any point 
of the curve, we draw two 
lines to the foci F* and F^ 
and recollect that CF' or 
CI is equal to c = Ae 
(Art. 13), we have, by using 

the value oi CT - — (Art. i§), 







and 



_,_,_. A^ _ Aex" - A^ A{ex"-A) ^ 

jLjP — -A6 — — 77 — T) — 77 1 



hence, F'T : TF : : ex'' + A : ex'' — A. 



By referring to the values of r' and r (Art. 8), and re- 
membering that -J = €, we have, 

r' : r : : ex" + A : eaj" — A ; 



hence,* 



j^,^ : TF : : r' : r. 



Therefore, FT bisects the angle F'FF.^ Hence, 

i^ a line be dravm tangent to an hyperbola at any pointy 
and two lines be drawn from the same point to the foci^ 
ths lines drawn to the foci wiU make eqiud angles with 
the tangent. 

* Leg., Bk. II. Prop. 4. Cor. f I^eg., Bk. IV. Prop. 17. 
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Supplementary Chords. 

21. The equation of condition 
of supplementary chords, in the 
ellipse (Bk. m., Art. 20), is, 



ao! = tt; 



^ 

A^ 




Substituting for -B, B^/^ 
we have, 



aa = 



1, 

A^ 



1. If the chords are drawn to any point P, in the branch 
EBF^ the tangents a and a' will be both positive ; if 
drawn to a point in the other branch, they will both be 
negative. 

2, If tne hyperbola is equilateral, A =z JS, and there 

will result, 

oa' = 1, 

which shows, that the sum of the two acute angles formed 
by the supplementary chords with the transverse (zxisy on 
the same side^ is equal to 90°.* 

Supplementary Chords. Tangent and diameter. 

22. In the ellipse, the relation 
between the tangents of the angles 
which a tangent and the diameter 
passing through the point of con- 
tact make with the transverse 
axis, is expressed by the equation 




* Legendre, Trig. Art. 18. 



10 
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(Bk. m, Art. ai), 



aa = — 






hence, in the hyperbola, it is. 



aa' = 



A^ 



But the equation of condition of supplementary chords, is 



oa = 






hence. 



aa' = aa' ; that is, 



If one chord is parallel to a diameter^ the other wiU he 
parallel to the tangents dravm through its vertices. 



Construction of tangent lines to the h3^perbola. 

23. The property proved in Art. 22, enables us to draw 
a tangent to an hyperbola, at a given point of the curve. 

Let C be the centre of the hy- 
perbola, A£ its transverse axis, 
and P the given point of the 
curve at which the tangent is to 
be drawn. 

Through P, draw the semi- 
diameter P(7, and through A, 

draw the supplementary chord AS^ parallel to it. Then, 
draw the other supplementary chord JSJET^ and through P, 
draw PT parallel to JJJST; then will P^ be the tangent 
required. 
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24. The property proved in Art. 20, enables us to draw 
a tangent to an hyperbola, through a given point without 
the curve. 

Let H be the given point. H 

With this point as a centre, 
and HF^ as a radius, describe 
the arc of a circle. With . 
F\ as a centre, and a radius 
equal to the transverse axis, 
describe the arc of a circle 
intersectiag the former at G 
and (5^'. Draw jP' 6?, cutting 

the curve in P. Through P, draw HPT^ and it will be 
tangent to the hyperbola at P. 

For, if we draw HF, HG, we shaU have HF = HG, by 
construction ; and since P is a point of the hyperbola, and 
F'G equal to the transverse axis, we shall have PF = PG\ 
hence, PT\% perpendicular to FG]* and since the triangle 
FGP is isosceles, PT will ^bisect the angle FPF, and 
will, therefore, be tangent to the hyperbola. 

1. The two arcs described with the centres F' and jET, 
intersect each other in two points, G and G'; a. line may, 
therefore, be drawn through P' and either of these points, 
thus giving two points of tangency, and two tangents. 

Conjugate diameters. 

25. Two diameters of an hyperbola are said to be con- 
jugate to each other, when either of them is parallel to 
the two tangents drawn through the vertices of the other. 

* Legendre, Bk. I. Prop. 16. Cor. 
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26. The equation of condition of conjugate diameters 
in the ellipse (Bk. HE., Art. 3Y), is, 

-4^ sin a sin a' •\- B^ cos a cos a' = 0. 

Hence, for the hyperbola, it is, 

-4^ sin a sin a' — ^ cos a cos a' = 0, 

or, A^ tan a tan a' — ^ = 0. 

H3rpeirboIa refecred to its centre and ooo^Jngate diameters. 

ay. The equation of the hyperbola, referred to its centre 
and axes, is 

The fermnlas for passing firom rectangular to oblique 
oo-ordinates^ the origin remaining the same, are, 

a; = a' cos a + y' cos a', y = «' sin a + y' gdn a'. 

Squaring these ralues of x and y, and substituting in the 
equation of the hyperbola, we have, 

(-4%in2a'— J52cos2a')y'2+ {A^mn^a, — B^QO^a)^ > ^^j^ 

-h 2(-4.2sin a sin a' — £>^eo% at, cos oL^x'y' ) ~" 

But the condition, that the new axes shall be conjugate 
diameters, gives, 

ul^ sin a sin a' — JB^ cos a cosa' = ; 

hence, the equation reduces to 

( J.2 sin^a' — jB2 cos^a')^'^ j^ (^2sin2a — B^ cos2a)a5'2 = — A^B^. 

If we suppose, in succession, y^ =0, «' = 0, and denote 
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by A' and B\ the corresponding abscissas and ordinates, we 
find, 



A^ sin^a — JS^ cos^a ' ^2 gin^a' — £^ cos^a' 

If J['2 ig positive, A^ will be real, and the diameter will 
intersect the curve. Under this supposition, we shall have, 

A} sin^a < ^2 oos^a, or, tan <* < "t • 

J52 

But, tan a tan a' = ^ (Art. 26) ; 

hence, tan «' > ^ ; or, A^ sin^a' > J5* cos^a' ; 

hence, 3'^ will be negative. 

The supposition, therefore, which renders A^"^ positive, or 
A real, gives jB'^ negative, or -5' imaginary; which shows 
that only one of the diameters intersects the curve. At- 
tributing to -B'2^ its proper sign, we have, 

— A^B^ — A^W' 

A"' = -^.—-^^^ ^ . -^B'^z=: 



A? sin^a — jB2 cos^a ' A? sin^a' — B"^ oxi^oJ 

Finding the values of the denominators in these equations, 
substituting them in the general equation, and reducing, we 
obtain, 

or, omitting the accents of x and y, siijce they are general 
variables, we obtain, 

^'2y2 _ J5'2a.2 _- _ A''^B'\ 

which is the equation of the hyperbola, referred to its centre 
and conjugate diameters. 



150 



ANALYTICAL GBOMETBT, 



[book V. 




InterpretatioxLi 

1. We have already seen 
(Art. 9 — 2), that when the 
transverse axis A£ is real, 
the conjugate axis DD' will 
be imaginary, and recipro- 
cally; that is, the two axes 
will not intersect the same 
branch of the hyperbola. The 
last proposition proves the same property for any two con- 
jugate diameters. 

If then, 2 A' designates the diameter JJ'-S^ 2^' will 
designate the conjugate diameter (r'6r, terminating in the 
conjugate hyperbola ; and each will be parallel to the two 
tangent lines drawn through the vertices of the other. 

If J5' were made real, A^ would be imaginary, and the 
equation would represent the curves FDG^ F^D'G\ 

2. The equation of the hyperbola, referred to its centre 
and conjugate diameters, being of the same form as when 
referred to its centre and axes, it follows, that every value 
of aj, will give two equal values of y, with contrary signs ; 
or, if B' were real, every value of y, would give two equal 
values of ic, with contrary signs ; hence, each hyperbola is 
symmetrical wdth respect to the diameter which it inter- 
sects; that is. 

Either diameter bisects all chords drawn parallel to the 
othcr^ and terminated hy the curve. 

8. It may be readily shown, that the squares of the or- 
dinates to either diameter, are proportional to the rect- 
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angles of the corresponding segments, from the foot of the 
ordinates respectively, to the vertices of the diameter. 

4. The equations of the hyperbola and ellipse, referred 
to their centres and conjugate diameters, are identical^ 
except in the sign of J5'*, which is minus in the hyper- 
bola, and plus in the ellipse. We may, therefore, pass 
from one equation to the other, by substituting for ^', 
-B'-/ — 1. Hence, it follows, that, evert/ result obtained 
from the equation of the eUipse^ wiU become a correspond- 
ing residt from the equation of the hyperbola, by changing 

B' into jB'v^^^nr. • 

Relation between the axes and oo^jugate diameters. 
28. In the ellipse (Bk. III., Art. 8l), we have, 
A'B' sin (a' - a) = AB\ and, 

^'2 + B'^ = JL2 4. J52. 

By substituting for B\ B' y/ - 1, and for J5, JBy^ - 1, 

we have, for the hyperbola, 

^'^' sin (a' - a) = ^^ .... (1.) 
and, ^'2 - ^'2 = ^2 - jB2 . . (2.) 

Intezpretation. 

Equation (1). — Construct a rectangle on the axes, and 
a parallelogram on two conjugate diameters. Draw from 
G a perpendicular to CH\ this perpendicular will be 
equal to -B' sin (a' — a). Hence, the area of the paral- 
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lelogram CGPS^ is equal 
to ^'^'sin (a'- a) = AB', 
hence, the whole parallelo- 
gram is equal to the whole 
rectangle. Therefore, the 
paraUdogram formed by 
drawing tangents at the 
four vertices of conjugate 
diameterSj is equivalent to 

the rectangle formed hy drawing tangents through tha 
vertices of the axes. 




2. Equation (2). — ^This equation, 

A"^ - B'^ =: A^ - B^, 
or, 4A'^ - 4j5'2 = 4^2 _ 4^52^ 

expresses this property: ^f%6 difference of tJie squares of 
two conjugate diameters is equal to the difference of the 
squares of the axes. 

Hence, there can be no equal conjugate diameters, unless 
^ = ^; in which case, the hyperbola is equilateral, and 
then, every diameter wiU be equal to its conjugate. 



The h3rperbola referred to its asymptotes. 

29. The Asymptotes of an hyperbola, are the diagonals 
of the rectangle described on the axes, indefinitely produced 
in both directions. 

Thus, S'ff^ 6^'(?, are asymptotes of the hyperbola 
whose transverse axis is AB^ and also of the conjugate 
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hyperbola whose transverse 
axis is DD\ 

If we designate the angle 
estimated from GjB around 
to CH^ by a, and the angle 
BGG^ by a'; or, what is 
equivalent, designate the 
angle BCQ\ by - a', 




tana = -r 



A 



(1.) 



tan a' = r 



B 

A 



(2.) 



or. 



tan^a = — r- 



J?2 

32' 



tan^a' = — r:- 



^., or, 



-42gm2a-j»2cos2a = 0. (3.) ^^sinV— J?2cosV= 0. (4.) 

Equations (3) and (4) express the relations between the 
angles which the asymptotes form with the transverse axis. 
They are called, equations of condition. 

1. If the hyperbola is equilateral, A = B^ and Equar 
tioris ( 1 ) and ( 2 ), give, 



tana = 1, 



and 



tan a' = — 1 ; 



which shows, that the asymptotes make eqtial angles with 
the transverse axis — one lying in the first and third angles^ 
and the other in the second and fourth; and that they are 
at right angles to each other. 

2. Since the sine of the angle at the base is equal to 
the perpendicular divided by the hypothenuse; and the 
cosme, to the base divided by the hypothenuse,* we have, 



♦Legendre, Trigonometry, Art. 82. 
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ana = . (1.) sina' = -• (2.) 

A A 

cos a = • (3.) cosa' = — ==.• (4.) 

-v/3m- B^ y/A^VB^ 



Equation of the curve referred to its asymptotes. 

30. The equation of the hyperbola, referred to its centre 
and axes is, 

^2y2 _ B^x^ = — A'^B^. 

The formulas for passing from rectangular to oblique 
co-ordinates, the origin remaining the same, are, 

X = a' cos a + y' cos a', y = »' sin a + y' sm a'. 

Substituting these values, and reducing, we obtain, 

(^2gina'-J?2cos2a')y'2_f.(^2sin2a__^cos2a)aj'2) __ 
4- 2{A^ sin a sin a'— B^ cos a cos a')a;'y' f 

The equations of condition (Art. 29), reduce the co- 
efficients of a5'2, and y'\ to 0. Multiplying Equations (1) 
and ( 2 ) (Art. 29—2), and ( 3 ) and ( 4 ), and reducing, the 
coefficient of aj'y', becomes, 

4^2J52 



J.2-f ^' 



hence, the equation of the hyperbola, referred to its centre 
and asymptotes, is. 



-4.2 + -5^ 

jcy = — - — 
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or, by patting M, for , and omitting the accents, 



Intwpretatioii of th* «qnatlon. 

81. If lines be drawn 
throngh the verticeg of the 
axes, they will form the 
rhombus AD'BJO. The di- 
agonals GP, GQ, of the 
rectangles described on the 
Bemi-axes, are equal to each 
other, and each is equal to 
y3^4- £^, But th^e are 

also equal to the diagonals BD, SI)\ and each pair 
mutually bisect each other at H and N. 



Hence, CH = ^}/J? + ^. and C2f = ^y/A^ + B»; 
therefore, CS X GN = :dl±j?! = xy. 

If we designate the angle included between the asymp- 
totes by ^, we shall have, 

GH-K GNsta^ = ay sin ^; 

the first member of the equation is equal to the rhombus 
CIISN" ; the second, to any parallelogram, as GQMK, 
whose aides are denoted by x and y ; that is. 

The rhombtis described on the abscissa and ordinate of 
the vertex of tlie hyperbola, is equivitlent to the j 
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gram described on the abscissa and ordinate of any point 
of the carve. 

1. The rhombus GHBN'^ described on the abscissa and 
ordinate of the vertex of the hjrperbola, is called the power 
of the hyperbola. It is one-eighth of the rectangle described 
on the axes. 

Asymptotes approach the curve. 
33. Let us resume the equation of Art. 30, 

^=.M, from which, y = ^. 

Since M is constant, if x increases continually, y will 
diminish, and if* x becomes infinite, y will become ; hence, 
the hyperbola continually approaches the asymptote, and as 
y cannot become negative so long as x is positive, it 
follows that the curve will touch the asymptote when y 
is 0. The same may be shown with respect to the other 
asymptote. Hence, 

TTie asymptotes continually approach tne hyperbola^ 
and become tangent to it at an infinite distance from the 
centre. 

Asymptote, the limit of tangents. 

33* The equation of the tangent, when the curve is 
is referred to its centre and axes (Art. 18), is, 

If we make y = 0, we find. 



x' 
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which is the distance from the centre to the point in 
which the tangent intersects the transverse axis. 

If a" increases, x diminishes, and if a;" be made infinite, 
X will be equal to ; that is, the tangent line will pass 
through the centre, and since both the tangent and asymp- 
tote touch the curve at a point infinitely distant from the 
centre, they will coincide. 

1. The asymptotes have been defined as the diagonals, 
prolonged, of the rectangle described on the axes. It is 
easily proved, that they are ^so the common diagonals 
of aU parallelograms formed by drawing tangent lines 
through the vertices of conjugate diameters, 

ALGEBRAIC CURVES. 
OlaBsificatlon. 

34. An ALGEBRAIC CURVE is buc in which the relation 
between the co-ordinates of all its points are expressed only 
in algebraic terms. 

35. We have seen that every equation of the first 
degree, between two variables, is the equation of a straight 
line (Bk. L, Art. l§). 

We have also seen, that the equations of the circle, the 
ellipse, the parabola, and the hyperbola, are all of the 
second degree; and analogy would lead us to infer, that 
everg eqication of the second degree between two variables, 
represents one or the other of these curves. This is now 
to be proved rigorously. 

36. The general equation of the second degree between 
two variables, is. 
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^y2 ^ j5a^ + (7iB2 + 2>y + j5b + J^ =• . (1.) 

which contains the first and second powers of each variable, 
their product, and an absolute term, jR 

The coefficients, A, By (7, 2>, JE', and F^ are entirely 
independent of the variables y and x. They are called cotv- 
etants ; or arbitrary constants, since values may be attri- 
buted to them ^t pleasure. 

37. Let us suppose that the co-ordinate axes are rect- 
angular; this supposition will not render the discussion, 
or the results, less general. For, if the co-ordinate axes 
were oblique, we might readily pass to a system of rect- 
angular co-ordmates, without affecting the degree of the 
equation^ since the equations for transformation are always 
linear. 



Change of direction of the axes. 

3§. To pass from a system of rectangular to a system 
of oblique co-ordinates, the origin remaining the same, we 
have (Bk. I., Art. 29), 

05 = aj' cos a -f y' cos a', y = a;' sin a -f y' sin a'. 

Substituting these values of x and y, in Equation (1), we 

have, 

(2.) 



A sinV 

JB sina'cosa' 

G cos^a' 



y'2 + 2 A sin a sin a' 

-B sin a cos a' 

-B sin a' cos a 

2 C cos a cos a' 



x'y' + A sin^a 
^ sin a cos a 
C cos^a 



X 



fz 



+ ^ sina' 
JE^cosa' 



y' -^ D sin a 

^cosa 



x' + F ^ 
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Since a and a' are entirely arbitrary, we may assign to 
either of them, such a value as will reduce the GO-effident 
of a;y to 0. This supposition gives, 

2-4 sin a sin a'-t-^(8in a cos a' + sin a' cos a) + 2 Ccos a cos a' = 0, 

If we suppose, a' — a = 90°, the new axes will be rect- 
angular, and we shall have, 

sin a' = cos a, and cos a' = — sin a. 

Making the substitutions, we have, 

2-4 sin a cos a + ^(cos^a — sin^a) — 2Csina cos a = 0; 

or, (A — (7)2sin a cos a + ^(cos^a — sin*a) = 0. 

But, 

2 an a cos a = sin 2a, and cos^a — sin^a = cos 2a;* 

hence, {A — (7) sin 2a + ^ cos 2a = 0. 

Dividing both members of the equation, by cos 2a, we 
have, 

tan 2a = — 



A- C 



Therefore, when the new axis X', makes with the prim- 
itive axis -ZJ an angle equal to half the angle whose tangent 

is -^, the coefficient of a'y' will reduce to 0. 

Equation ( 2 ) will then take the form, omittiog the accents. 

Ay -f C'x^ + D'y + E'x + jP = . . (4.) 
* Legendre, Trig. Art. 84. 
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Change of the origin of co-ordinates. 

39. The formulas for passing from a system of co-ordi- 
nates to a parallel system (Bk. I., Art. as), are, 

X = a.+ x\ and y =z b + f/\ 

Substituting these values of x and y, in Equation (4), we 
liave. 



I 



Ay^ + (7 V2 + 2A'b 



y' + 20 'a 
JE' 



X' 



+ A'b^ + C'a^ + D'b + E'a + i^ = . . (5.) 

In Equation ( 5 ), a and b are entirely arbitrary. K we 
attribute to them such values as make, 

lA'b + 2>' = 0, whence, ft = — --^, • • (6.) 

and, 2 (7 'a + j^' = 0, whence, a = — — ^,, . . (7.) 

2 O 

and put, - (^'ft2 + O'd?' '\' D'b-\- Ba^- F) z=zF\ . . (8.) 

Equation (6) will become, omitting the accents, 

Jiy + <7'«2 = Jp" (8.) 

Interpretation. 

40. — 1. The transformation, 'from Equation (1) to (4), 
is always possible. For, such a value may be given to a or 
a', as shall render the coefficient of x^y\ in Equation (2), 
equal to 0. 

2. The transformation, from Equation (4) to (8), is 
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always possible, except in the cases when h and a, in Equa- 
tions ( 6 ) and ( 7 ), are both infinite, or when either of them 
is infinite. Under the first supposition, A' = 0, and C* = 0, 
which causes the second powers of the variables to disap- 
pear, in Equation (4), and the equation then becomes, 

B'y -^ E'x + F =z 0, 

which is the equation of a straight line (Bk. L, Art. 18). 

If only one of them is infinite, as a, for example, then, 
C = 0, and Equation ( 5 ), after making 2 O'a -f -fi^ = §, 
takes the form, 

Ay + Qx = F'\ 

K we now transfer the origin of co-ordinates to a point 
on the axis of X^ such that, 

we shaU have, Ay -f Qy^ ^ x\ = F' ; 

or, y^ = ^,a; or, y^ = 2px, 

which is the equation of a parabola. 
Every curve, denoted by an equation of the form, 

y- = 2pa5, 

b which n is any positive number, except 1, is called a 
parabola. 

If n = 2, we have the common parabola. If w = 3, tho 
eMc parabola^ &c, 

3. Let us mterpret Equation (8), 

Ay 4- CTx' = F'. 
11 
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When A\ C\ and F\ are all positive, this is the equation 
of an ellipse, referred to its centre and axes (Bk. DI., Art. 
8) ; then, A' = A\ C = ^, and F' = A'^i^. If A' = C\ 
it becomes the equation of the circumference of a circle. 

4. If -4' is negative, and C and F' positive, then, by 
changing the signs of both members. 

Ay - C'x' = - F\ 

which is the equation of an hyperbola referred to its centre 
and axes ; then, A' = A^, C = B\ and F' = A'^J^ (Bk. 
lY., Art. 8). 

5. If -4' is negative, (7' positive, and F' negative, then, 
by changing the signs, we have, 

^y - C'x^ =' F\ 

which is the equation of a conjugate hyperbola ; C =z B^i 
A' = A\ F' = A^B^^ and 2B the transverse axis (Bk. 
v., Art. 11). 

6. If, in Equation ( 2 ), we attribute such values to a and 
a', as shall reduce the coefficients of the second powers of 
the variables to ; and then transfer the origin of co-ordi- 
nates, so as to get rid of the first powers of the variables, 
the equation T\dll take the form, 

which is the equation of an hyperbola, referred to its centre 
and asymptotes (Bk. V., Art. 30). Hence, 

Every equation of the second degree between two varia- 
bles^ wiU^ under every hypothesis^ represent either a dr- 
clCj an ellipse^ a parabola^ or an hyperbola. 
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41. — 1. Lines are classed into orders, according to the 
degree of their equations. 

2. Straight lines are represented hy equations of the 
first degree, hetween two variables, and are called, lines 
of the first order. 

3. The circumference of the circle, the ellipse, the para- 
bola, and the hyperbola, are represented by equations of 
the second degree, between two variables ; hence, they 
are called, lines of the second order, 

4. And lines denoted by an equation of the third de- 
gree, are lines of the third order ; and similarly^ for the 
higher degrees. 

Equations when the origin is in the curve. 

42. — 1. The equation of the circle, when the origin is 
in the curve, is, 

y2 = 2Rx - x\ 

2. The equation of the ellipse, when the origin is at 
the vertex of the transverse axis, is, 

3. The equation of the parabola, under the same hy- 
pothesis, is, 

y^ z=z 2px, 

4. The equation of the hyperbola is, 
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These equations may all be put nnder the form, 

in which m is the parameter of the curve, and n the squ*are 
of the ratio of the semi-axes. In the circle and ellipse, n 
is negative ; in the hyperbola it is positive, and in the 
parabola it is 0. 

2. The curves, whose properties have been discussed in 

the four last books, are precisely those which are obtained 

by intersecting the surfiice of a cone by planes, as is shown 

in Bk. Vn., Art. 4ff — 60. For this reason they are called, 

Conic Sections. 



j 
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SPACE — ^POINT AND LINK — PLANE SUEFACE8. 



1. Space is indefinite extension, and is entirely similar 
^ m all its parts. The geometrical magnitudes are portions 
of space. Their absolute places cannot be determined, 
either by construction or by the algebraic analysis, since 
there is nothing fixed to which they can be referred. 
Their relative positions may, however, be easily found, 
and these enable us to discuss and develop their pro- 
perties. 

9. Thus far, the analysis has been limited to points 
and lines lying in the same plane. These have been re- 
ferred to two straight lines, making a given angle with 
each other. The analysis is now to be extended to points 
and lines in space, which will be referred to three planes, 
at right angles to each other. 

3. Through any point, as Ay conceive a horizontal plane 
to be drawn. Through the 
8ame point, conceive a ver- 
tical plane, ZAJTy to be 
drawn: this is the plane of 
the paper and intersects the 
horizontal plane in the line 
X'AX. Through the game 
pomt conceive a second ver- 
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tical plane to be drawn, per- 
pendicular to the plane ZAJC. 
This plane will intersect the 
horizontal plane in the line 
YA Y\ and the first vertical, ^ 

in the Kne ZAZ. These 
three planes are called, co- y 
ordinate planes 






X 

/ 



1 

I 

Z' 



4. Since the co-ordinate planes are respectively at right ' 
angles to each other, the line of intersection of either two 
will be perpendicular to the third: and this line of inter- 
section is called the axis of that plane to which it is per- 
pendicular. 

For example : Z is the axis of the horizontal plane YX^ 
X<, the axis of the firi^t vertical plane YAZ^ and IF" the 
axis of the second vertical plane ZAU^, The three are 
called, the co-ordinate axes^ and their point of intersection 
A^ the origin of co-ordinates. 

5« The co-ordinate planes are supposed to be indefinite, 
and hence, they will divide all space into eight equal 
parts, or triedral angles, having the origin -4, for a 
common vertex. Four of these angles are above the hori- 
zontal plane YAX^ and four below it. They are thus 
designated. 

YAX is called the 1st angle. 

YAX' " 2d " 

X'AY' « 3d " . 

Y'AX " 4th " 
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The fifth angle is . directly beneath the first, the sixth 
beneath the second, the seventh beneath the third, and 
the eighth beneath the fourth. 

This manner of naming the angles differs from that 
adopted in the plane, where the first angle is beyond the 
axis of abscissas, and where we pass round from the right 
to the left; both methods are now too well established 
to be changed, merely for the purpose of producing uni- 
fonnity. 

C. The distance of any point, in space, from either of 
the co-ordinate planes, is estimated on the axis of tliat 
plane, or on a line parallel to the axis. 

7. If from any point, in space, a line be drawn per- 
pendicular to either of the co-ordinate planes, the foot of 
the perpendicular is called the projection of the point on 
that plane. 

§• The line in which any plane intersects either of the 
co-ordinate planes, is called its trace on that plane. 

9, If, through a straight line, in space, a plane be 
passed perpendicular to either of the co-ordinate planes, 
its trace is called, the projection of the line on that plane. 

10. Let us suppose that we know the distance of a 
point firom the three co-ordinate planes, viz. : 

from YZ = a, 

from ZX = by 

from ZX = c, 
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From the origin Aj lay off on the axis of ^ a dist- 
ance Ap = a, and through 
p pass a plane parallel to the 
co-ordinate plane YZ. Its 
traces pP\ pPy will be re- 
spectively parallel to the axes 
Z and Y. Lay off, in like 
manner, on the axis of yi a 
distance Ap'z=z by and through 
/>' pass a plane parallel to the co-ordinate plane ZJT. Its 
traces />'P, j[>'P" will be parallel, respectively, to the aijes 
-X' and Z, Since the point must be in both planes, at 
the same time, it will be in their common intersection, 
which is perpendicular to the horizontal plane at JP. 

Lay off, from the origin of co-ordinates, on the axis of Zy 
a distance Ap^' = c, and through jt?", pass a plane parallel 
to YJS": its traces p^'P'y i>"P", will be parallel, respect- 
ively, to the axes X and Yy and the point in which this 
plane is pierced by the perpendicular to the horizontal 
plane at P, will be the position of the requked point. 
The point will, therefore, be vertically projected on the 
plane ZXy at P', and on the plane ZYy at P". Its 
co-ordinates, are Pp\ pPy and pP\ 

The distances of a point, from the co-ordinate planes, are 
expressed, algebraically, by 



05 = a. 



y = ^ 



« = c. 



and since these conditions determine the position of the 
point, they are called, the equations of the point, 

11. Let us now consider these conditions, in a general 
manner, and see, what each, taken separately, implies. 
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The conditions, a; = ± a, 

limit the point to one of two planes drawn parallel to the 
co-ordinate plane YZ^ on different sides of the origin, and 
at a distance fi*om it equal to a. 

The conditions, y = ifc 5, 

limit the point to one of two planes drawn parallel to the 
co-ordinate plane ZX^ on different sides of the origin, and 
at a distance from it equal to h. 

If these conditions exist together, the point will be limit- 
ed to four straight lines, parallel to the axis of Z, 

The conditions, z = db c, 

limit the position of the point to one of two planes drawn 
parallel to the co-ordinate plane YX, on different sides of 
the origin, send at a distance from it equal to c. 

K all the conditions exist at the same time, the point will 
be found at either one of the eight points in which the 
two last planes are pierced by the four .parallels before 
determined ; and each of these eight points will be found 
in one of the eight angles, formed by the co-ordinate planes. 
By attributing to the co-ordinates of these points the signs 
plus and minus, the position of either one of them may 
be exactly determined. The following signs are attributed 
to the co-ordinates of a point in the different angles : 



1st 


angle. 


X =z + a. 


y = +^ 


z = + c, 


2d 


angle, 


X — — a^ 


y = +^ 


Z = + Cj 


3d 


angle, 


X — — Oy 


y = - ^ 


Z = + Cy 


4th 


angle. 


03 = -h a. 


y = - ^ 


2 = + C, 



8 
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5th 


angle, 


35 = + a. 


y = +^ 


Z = — Cy 


6th 


angle, 


a; = — a. 


y = +^ 


z ^ -- c, 


7th 


angle, 


35 = — a, 


y = - J, 


z ^ — c^ 


8th 


angle, 


X z=z + a, 


y = - ^, 


z = — c. 



X9» Since either co-ordinate denotes the distance of a 
point from a co-ordinate plane, it follows, that when this 
distance is 0, the point will be found in the plane. 

Hence, we have the following for the equations of the 
co-ordinate planes : 

For the co-ordinate plane YA^^ whose axis is Z, 

2 r= 0, X and y indeterminate : 

that is, X and y must be indeterminate, in order that they 
may represent the co-ordinates of every point of the plane. 

For the co-ordinate plane -XI4Z, whose axis is T^ 
y = 0, X and z indeterminate. 

For the co-ordinate plane YAZ^ whose axis is JT, 
35 = 0, y and z indeterminate. 

18. Since either axis lies in two of the co-ordinate 
planes, we shall have, for the equations of the axis of X, 

y = 0, 2 = 0, and x indeterminate. 

For the equations of the axis of Y, 

35 = 0, 2 = 0, and y indeterminate. 
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For the equations of the axis of Z, 

a; z= 0, y = 6, and z indetenninato. 
And for the origin, which lies in the three axes, 



05 = 0, y = 0, 



and 



2 = 0. 



14. We also have, for a point in the axis of X^ 



y = 0^ 2 = 0, and 
For a point in the axis of T^ 



a; = ±: a. 



85 = 0, 2 = 0, and y = db ft. 



For a point in the axis of Z, 
35 = 0, y = 0, 



and 



2 = ± C. 



XMfltance between two points. 

15. Let ( C, Q\ C"») ^e 
one of the points, and (P, 
F, P'\) the other. 

Denote the co-ordinates of 
the first point, by x\ y\ «', 
those of the second by a", 
]f\ g", and the length of 
the required distance, by D. 
The line §P, is the projec- 
tion of the given line on the co-ordinate plane of YX^ Q'F' 
its projection on ZX^ and P"Q" its projection on YZ . 
The distance 2>, will be the hypothenuse of a triangle, of 
which the base is QP^ and altitude p'P\ 
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But, Qp =aj"-a;', Pp = y"-y\ and pT =z ef'^z!. 
In the right-angled triangle QPp^ we have, 



hence, 
and, 



QP = («" - xy + (y" - yy ; 
i> = y^" - a;')2 + (a" - xy + (2" - 2')l 



1. The projection of a line, on either of the co-ordinate 
aae5, is that part of the axis intercepted between the two 
perpendiculars drawn through its extremities. Hence, if 
the line whose length is D^ be projected on the three co- 
ordinate axes, aj" — x\ y" — y', s" — 2', will represent, 
respectively, the length of the projection on each axis; 
hence, it follows, that the square of any line in space, is 
equal to the sum of the squares of its three projections on 
the co-ordinate axes, 

2. If one of the points, the 
one, for example, of which the 
co-ordinates arc a', y', 2', be 
placed at the origin, we shall 
have, 




which expresses the distance from the origin of co-ordinates 
to any point in space. 



Line and co-ordinate axes. 



16. The three lines i^, J^', P'jp, drawn perpendicular 
to the co-ordinate planes, may be regarded as the three 
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edges of a parallelopipedon, of which the line drawn to the 
origin is the diagonal. We have, therefore, verified a pro- 
position of geometry, viz.: tJie sum of the sqttares of tJie 
three edges of a rectangular parallelopipedon is equal to 
the square of its diagonal, 

1. This last result offers an easy method of determining 
a relation that exists between the cosines of the angles 
wMch a straight line makes with the co-ordinate axes. 

Let us designate the length of the line, passing through 
the origin of co-ordinates by r, and the angles which it forms 
with the axes, respectively, by JT, !FJ and Z, 

We shall then have for the lines Ap^ Ap\ Ap*\ which 
are respectively designated by as", y", «", the following 
values, viz.: 

aj" = rcos-ZJ y" = rcosl^ s" = rcosJZT. 
By squaring these equations, and adding, we obtain, 
gjfi + yfn + 2//2 -. r2(cos2X + cos2 T + cos^Z). 
But we have already found. 

Hence, cos^ JT + cos^ Y + cos^Z = 1 ; 

that is, the sum of the squares of the cosines of the three 
angles which a straight line forms mth the three co-or- 
dinate axes^ is equal to radius square^ or 1. 

Equation of a straight line in space. 
17, Let (7'P' be the projection of a straight line on 
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the co-ordinate plane ZX^ and C"P'^ its projection on 
the co-ordinate plane YZ, 
Since G'P' is the pro- 
jection of the line on the 
co-ordinate plane ZX^ the 
line itself, in space, is in 
the plane passing through 
(7'P,' and perpendicular 
to the co-ordinate plane, 
ZX (Art. 9). Since (7"P" 

is the projection of the line on the co-ordinate plane ZTJ 
the line itself, in space, is in the plane passing through (7"JP" 
and perpendicular to the co-ordinate plane YZ ; hence, it 
must be the common intersection of these two projecting 
planes. The conditions, therefore, which fix the projections 
of a line, will determine the line in space. 




Let 



X 



az + oL^ 



be the equation of the projection C'P'y and- 

y z=z bz -h ^, 

the equation of the projection C'P", 

In these equations, a denotes the tangent of the angle 
ADJP^ OL the distance -4(7'; ^ the tangent of the angle 
P'^FZ^ and /3 the distance AC^'. The angles in the co- 
ordinate plane ZJT, are estimated from the axis Z to the 
right, and in the co-ordinate plane YZ, they are estimated 
from the axis Z, towards the left. 

If we suppose a, a, 5, and /3, to be given, the two pro- 
jections CP', (7"P", will be determined; and hence, the 
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line, of which they are the projections, will be determined 
in space. Hence, 



X =z az + et^ 



y = *« + /3, 



are the equations of a straight line. 

1. Since the projections of a straight line on the two 
co-ordinate planes ZJT, ZT] determine the position of the 
line in space, they ought, also, to determine its projection 
on the third co-ordinate plane, YIZ] This indeed may be 
easily proved. 

For, through P' draw a 
parallel to the axis of Z, 
and from the point in 
which it intersects the axis 
ofJT, draw a parallel to 
axis of T. Through i^' 
draw a parallel to the 
axis of Z, and through the 
point in which it intersects 

the axis of Y, draw a parallel to the axis of JT; then will 
P be the projection of the point (P, P"), on the co-or- 
dinate plane YJT, 

Find, in a similar manner, the projection of a second 
point, as (C, C'% and draw the projection CP. 




Intexpretation of the equations of a line. 
1§, — 1. Let us now consider the equations, 



X = az + oij 



y = bz + p. 



separately. 
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The equation, 

05 = 02 + a, 

being independent of y, will be satisfied for every point of 
the plane passing through CP', and perpendicular to the 
co-ordinate plane ZJT; hence, it may be regarded as the 
equation of that plane. 

In like manner, the equation, 

y = J2 + ^, 

being independent of jb, will be satisfied for every point 
in the plane passing through (7"P", and perpendicular to 
the co-ordinate plane YZ; hence, it may be regarded as 
the equatio7i of that plane. 

2. Let us now consider the conditions which would be 
imposed upon the straight line, by supposing a, ^, a, and 
/3, to become known, in succession. 

When a, 5, a, and /3, are all undetermined, the equations, 

X = az + a^ y = bz + ^^ 

may be made to represent every straight line which can be 
drawn in space, by iattributing suitable values to a, J, a, 
and 13, And when a, ft, a, and ^, have given values, the 
equations will designate but a single straight line. 

If we suppose a to be given, the line may have any 
position in space, such, that its projection on the co-or- 
dinate plane ZX, shall make an angle with Z^ of which 
the tangent is a. 

If we suppose a also to be given, the projection of the 
line on the co-ordinate plane Z^^ will intersect the axis 
of -3r at a given point, and the two conditions, will limit 
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the line to a given plane. Its position in the plane will 
still be entirely undetermined. 

If we now suppose h to be - given, the direction of 
the line will then be determined, but it may still have 
ail indefinite number of parallel positions in the given 

plane. 

If finally, we attribute a value to iS, the projection on 
the plane of ZZ, will intersect the axis of Y at a given 
point; and hence, the position of the line will become 
known. The letters a and /3 represent the co-ordinates of 
the points in which the line, intersects the co-ordinate plane 
FX. 

The resolution of problems involving the straight line 
in space, consists in finding such values for the arbitrary 
constants a, J, a, and /3, as shall satisfy the required con- 
ditions. 

Equations of a line passing through two points. 

19. Let a', y\ z\ and x'\ y", 2", be the co-ordinates 
of two given points. 
The required equations will be of the form, 

aj = as + a . , (1.) y = &8 + /3 . . (2.) 

in which it is required to find such values for a, a, 6, and 
/3, as shall cause the right line to fulfill the required con- 
ditions. 

Since the straight line is to pass through a point, of which 
the co-ordinates are a;', y\ z\ we shall have, 

a' = 02' -f a . . (3.) y' = &8' -I- /3 . . (4.) 

12 
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and since it is also to pass through a point, of which the 
co-ordinates are a", y", z'\ we shall likewise have, 

aj" = ««" + a . . (5:) y" = fta;" + /? . . (6.) 

The last four equations enable us to determine the four 
' constants, a, a, ft, j8. 

By subtracting Equation (5) from Equation (3), and (6) 
from (4), we obtain, 

a' - a" = a{z' - s"), and y' - y" = 6(2' - «")» 

from which we find, 

x' -x" ^ ^ y' - y" 

a — — J, , and ft = ^-^ ^ ; 

2' — z' z — «" 

"hence, a and ft are determined. If these known values be 
substituted, respectively, in Equations (3) and (4), or in 
(5) and (6), the values of a and ^ will become known, and 
either set would represent the required line. 

But it is more convenient to have the equations under 
another form. Subtract Equation (3) from Equation (1), 
and ( 4 ) from ( 2 ) ; we then have, 

X — x' z=z a{z — «'), y — y* z=z b{z — s'), 

which are the equations of a straight line passing through a 
given point. Substituting for a and ft, their known values, 
we have, 

^ - ^' = ?^r^'^^ " ^')' y - y' = $-Z-7>'(^ - ^')' 

which are the equations of a straight line passing througli 
the two given points. 



I 
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lines intersecting and paralleL 

20. It is required to find the conditions which will 
cause two lines to intersect each other. 

Let aj = as -(- a, y = bz -\- ^^ 

and X z=z a'z + a', y = b^z 4- /3', 

be the equations of the lines, in which the arbitrary con- 
stants a, a, by /S, a', a', b\ fi\ are undetermined. 

If these lines intersect each other in space, they must 
have one point in common, and the co-ordinates of this 
point will satisfy the equations of both lines. K wc de- 
signate the co-ordinates of the common point by x\ y\ 
2^, we shall have, 

«' = a2' + a . . (1.) y' =z bz' + ^ . . (2.) 

x' = aV + a' . . (3.) y' = b'z' + /Q' . . (4.) 

Eliminating x' and y' from these equations, we find, 

(a — a')z' + a — a' = . . . , (5.) 

{b - 5'y + /3 - i3' = . . . . (6.) 

and if 2' be eliminated from the two last equations, we have, 

(a - a') {13 - ^') - (a - a') {b - b') = 0, 

which is called the equation of condition^ since it must 
always be satisfied in order that the two straight lines may 
intersect each other. 
There are eight arbitrary constants entering into this 
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equation. It may, therefore, be satisfied in an infinite num- 
ber of ways. Indeed', if values be attributed, at pleasure, 
to seven of the constants, such a value may, in general, 
be found for the remaining one, as wiU satisfy the equation, 
and, consequently, cause the lines to intersect each other. 

When paralleL 

21. Let us now find the co-ordinates of the point of 
intersection. "We find, from Equations (5) and (6), 

z = . or s= • 

Substituting this value of z\ in Equations (1) and (2), 
we have, 

ojaJ - a'a, , J/3' — V^ 

These values of the co-ordinates of the point of inter- 
section, become infinite, when 

a = a', and J = 5'; 

that is, when the projections of the lines on the co-ordh 
nate planes ZX and ZY, are parallel, 

1. If we have, at the same time, 

a' = a, and jS' = p, 

the co-ordinates of the point of intersection will become 
- , or indeterminate ; as, indeed, they should do, since the 
two lines would then coincide throughout their whole ext^it. 
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Angle between two lines. 



22. Let 



a; = «z -f a. 



y = fe + /3, 



be the equations of the first line, and 

« = «'« + a', i/ =z b'z + P\ 

be the equations of the second. 

It has been shown,* that two straight lines which cross 
each .other in space, may be regarded as forming an angle, 
although they do not lie in the same plane. They are sup- 
posed to make the same angle with each other as would be 
formed by one of the lines, and a line drawn through any 
point of it, and parallel to the other ; or, as would be formed 
by two lines drawn through the game point, and respect- 
ively parallel to the given lines. 

If, then, two lines be drawn 
through the origin of co-ordi- 
nates, respectively parallel to the 
given lines, the angle which they 
form with each other will be 
equal to the required angle. 

The equations of these lines 
will be, 




X = a'2. 



for the first, 



y = b% for the second. 



Let us take, on the first line, any point, as P', and desig- 
nate its co-ordinates by x\ y\ z\ and its distance fi-om the 
origin, by r'. Take, in like manner, on the second line, any 

* Legendre, Bk. VI. Prop. 6. Sch. 2. 
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point, as P", and designate its 
co-ordinates by x^\ y'\ 2:", and 
its distance from the origin, by 
r", and let D denote the dis- 
tance between the points. If 
we designate the angle included 
between the lines, by Fi we 
ahall have, in the triangle APT** 

COSF = v-TTT > 

2rr' 




• • • (1.) 



and we have now only to find r', r", and 2>. 

Let us designate the three angles which the first lino 
forms with the co-ordinate axes, respectirely, by JT, 1^ and 
Z, and the angles which the second line forms with the 
same axes, by JT, Y\ and Z ; we shall then have (Art. 16), 



x' = r' cos-Xi 



y' = r' cosYj 



z' = r' cosZi 



a?" = r"cosX', y" = r"cosF', 2" = r"co8^. 

But the square of the distance between two points is, 

i>2 = {x' - a")' + W - y'y + (2' - ^y (Art. »5), or, 
2)2 ^ a.'2+ y^2+ 2^_|_ a./'2 4. ^^^^z.^ g.^z^ 2(a;V+ yV'-i- zV) ; 

or, by substituting for the co-ordinates of the points, their 
distances from the origin into the cosines of the aogles 
which the lines make with the co-ordinate axes, we have, 



D^ 



-\ 



r'=(cos'Jr -f- co8«r -f-ccs»Z) -f- r"«(cos»^' + cos»r \ cob*^)) 
- 2rV" (cos X cos X' + cos r cos Y' + cos Zcoa2?) ) 



* Leg., Trig. Art. 47. 



BOOK VI.] LINBS IN SPACE. 183 

Bat it has been shown (Art. in — 1), that, 

cos^Xh- cos* T-h cos^Z = 1 , cos* JP + cos* T + co^^Z = 1 ; 

and hence, 

2)2 = r'2 f r"2- 2rV"(cosXco8jr+co8 Fcos F'+cosZcosZ'). 

Kthis value of 2>* be substituted in Equation (1), 

coflF= ^-^r, , 

we shall find, after dividing by 2rV", 

cosF" = cosXcosX + co8]rcos!F'+ cosZcosZ; 

that is, the cosine of the angle included between two linesy 
is equal to the sum of the rectangles of the cosines of the 
angles which the lines in space form with the co-ordinate 
axes. 

Angle under another form. 

23. Having found the cosine of the angle included be- 
tween two lines, in terms of the angles which they form 
with the co-ordinate axes in space, we shall, in the next 
place, find the same value in terms of the angles which the 
projections of the lines on the co-ordinate planes ZX and 
rZ, form with the axis of Z. 

The equations of the parallel 

lines drawn through the origin, 
are, 

y = a'2, y = b'z, X 

Let us designate the co-ordi- 
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nates of the point P, on the first line, by x\ y\ z' ; we shaD 
then have, 

and for the value of r\ 
From these three equations vre find, 



Vr+a^+ft^' vT+a2+53' ^/^^a'■vW^ 

But we have already found (Art. 16), 

/ _ _ 

cc' = r' cos-XJ y' = r' cos YJ 2' = r' cosZ. 
Substituting these values, and dividing by r\ we obtain, 

fioR y= • , fioa y= , cosZ=: 



-v/r+a24.j2 yT+a^+^-i yT+aH*^ 

If we reason, in the same manner, on the equations of 
the second line, we shall find, 

a' V 1 

vT+a'«+6'*' VT+a'»+6" VYVa'^-^-h"^ 

If these values be now substituted in equation for cos F, 

• we shall have, 

1 + «a' + hh' 



cosF = 



± -/i + a2 + ^2 yf + ^/2 _|_ J/2 



The cos "F" will be plus or minus, according as we take 
the signs of the radical factors in the denominator, like or 
unlike. 

The plus value of cos V will correspond to the acute 
angle, and the minus value, to the obtuse angle. 
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1. If we make, v = 90°, cos"F = 0, and 

I + aa' -{- bb' = 0, 

which is the equation of condition, when the two lines arc 
perpendicular to each other in space. 

9 EXAMPLES. 

1. What is the distance between two points of which 
the equations are, 

jc' = 5, y' = 6, 2' = 3 ; 85" = - 1, y" = 0, 2" = — 6 ? 

Am. 11.18 4- 

2. Find the equations of a line which shall pass through 
a point whose co-ordinates are, 03' = 3, y' = — - 2, and 
2' = 0, and be parallel to a line whose equations are, 

a; = 2 + 1, and y = Jg — 2. 

Ans. 05 = 2+ 3, y = ^2^2. 

3. Required the equations of a line passing through the 
two points whose co-ordinates are, 

x' =2, y' = 1, 2' = 0, 
and 05" = — 3, y" = 0, 2" = - 1. 

A718. 35 = 62 + 2, y = 2 -f 1. 

4. Required the angle included between two lines, whose 
equations are, 



35 = 32 -h 6 
y = 62 + 3 



I of the 1st, 



(.of the 2d. 

y = 2& ) 

Am: 14° 68'. 
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5. Required the angles which a straight line makes with 
the oo-ordinate axes, its equations being, 



aj = —22+1, 

y = 



2+3. 

^1440 44/ yj\^ X, 

An8. \ 65° 54' with F, 
65° 54' with i. 



6. Having given the equations of two straight lines, 



and 



a; = 22 + 1 

y = 22 + 2 

05 = 2 + 5 

y = 42 + /3 






the 1st, 



the 2d, 



required the value of ^' so that the lines shall intersect 
each other, and the co-ordinates of the point of intersection. 



Ans, -< 



/3' = 


-6, 


«' = 


9, 


y' = 


10, 


a' = 


4. 



OP THE PL A N E. 

34. The EQUATION op a plane is an equation, express- 
ing the relation between the co-ordinates of every point of 
the plane. 

To find the equation of a plane. 

25. A line is said to be perpendicular to a plane when 
it is perpendicular to every ^line passing through its foot 
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and lying in the plane: and, conversely, the plane is said 
to be perpendicular to the line.* ♦ 

A plane may, therefore, be generated by drawing a lino 
pei*pendicular to a given line, and then revolving this per- 
pendicular about the point of intersection. If the pei-pen- 
dicular be at right angles to the given line, in all its posi- 
tions, it will generate a plane surface. 

Let aj = aa + a, y = bz + ^j 

be the equations of a given line. 

If we designate the co-ordinates of a particular point, by 
x\ y\ z\ the equations of the line passing through this 
point, will be, 

K - jb' = a{z- z') . (1.) y -y' = »(« — z') . (2.) 

The equations of a second line passing through the same 

point, of which the co-ordinates are «', y', «', are of the 

form, • 

a; — a;' = a' (2 — «') . . . . (3.) 

y-y' ='5'(2-z') . . . . (4.) 

But the two lines ynll be at right angles to each other, 
if their equations fulfill the condition (Art. 23 — 1).. 

I + aa' + by = (6.) 

If we now attribute to a' and b\ aU possible values that 
will satisfy this equation, we shaU have aU the perpen- 
diculars which can be drawn to the given line, through 
the point whose co-ordinates are aj', y\ z\ These perpen- 
diculars determine the plane.- 

* Legendie, Bk. VI. De£ 1. ' 
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It ifl necessary, however, to find the equation of the 
plane in terms of the* co-ordinates of its different points. 
We find from Equations ( 3 ) and ( 4 ), 

Z — tI 2 — 2' 

Substituting these values in Equation (6), 

1 + aa' + W = 0, 
and reducing, we find, 

z — z' + a{x — aj') + b{y — y') = ; 

but, since a, 5, 2', x\ y\ are .known quantities, we may 
denote the constant part of the equation by a single letter, 
by making, 

— 2' — <kb' — 5y' = — c. 

hence, the equation of the plane becomes, 

z '\- ax + by " c = 0. 

1. Since the equation of a plane contains three vari- 
ables, we may assign values, at pleasure, to two of them, 
and the equation will then make known the value of the 
third. For example, if we assign known values, denoted by 
aj' and y', to x and y, the equation of the plane will give, 

2 = c — aaj' — hy\ 

and hence, the co-ordinate 2 becomes known. 

Traces of planes. 
26* The lines in which a plane intersects the co-ordi- 
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nate planes, are called the traces of the jplane. These 
traces are found by combining the equation of the plane 
with the equations of the co-ordinate planes. 
Thus, if in the equation, 

z •{• ax + by — c = 0, 

we make y = 0, which is 
the characteristic of the co- 
ordinate plane ZJT, the re- 
sulting equation, 

z + ax — c = 0^ IP 

will designate the trace CZ>, common to the two planes. 
The equation may be placed under the form, 

z = -- ax + c; 

and hence, the trace may bq drawn. Or, if we make, in 
succession, 

X = Oy and 2 = 0, 

we shall find, 




2 = c = -42>, 



and 



X = - = AOy 

a 



and the trace may then be drawn through the points 
and D. 

1. We likewise find, for the trace jB2>, 

2 = ^ by + c; 



and for the trace jB(7, y = 



a . c 



We also find AD = c, by making y = 0, in the 
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equation of the trace JBD^ 

and AJB = -, by making 

a? = 0, in the equation of 
the trace £Cy or by making 
2 = 0, in the equation of 
the trace JBD. 

2. By comparing the equa- j^^ 
tions of the traces with the 

equation of a straight line, in Bk. L, Art. 13, we see that, 

— a, is the tangent of the angle which the trace CD 

makes with the axis of JT; 

— bj the tangent of the angle which the trace BD 

makes with the axis of Y; and 

a - 

— 7, the tangent of the angle which the trace JSO 

makes with the axis of -X". 

3. The equation of a plane may be written under tho 

form, 

Ax + By + Cz -\- J? = 0, 

in which A, By (7, and 2>, are constant for the same plane, 
but have different values when the equation represents dif- 
ferent planes. The coeflScients -4, B^ and (7, are arbitrary 
functions of the angles which the traces of the plane form 
with the co-ordinate axes, and I) is an arbitrary function 
of the distances from the origin to the points in which the 
plane cuts the co-ordinate axes. K the plane passes througb 
the origin of co-ordinates, its equation takes the form, 

Ax + By -\- Cz - p. 



1^:^ 
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Iiizie perpendicular to a plane. 

27. The equations of the straight line, to which the 
plane has been drawn perpendicular, are, 

a — a' = a(2 — «'), y — y' = ft(z — z') ; 

and the equations of the traces 
CD, BD, may be placed un- 
der the form, 

1 c \ c 

« = - -2 + -, y = — -2 + 3 . 
a a 

By comparing the coeffi- 
cient of 2, in the equation of 
the projection of the line on 
the co-ordinate plane ZX, with the coefficient of z in the 
equation of the trace C2>, we find, that their product plus 
unity is equal to ; hence, the lines are at right angles to 
each other. The same may be shown for the trace BD^ 
and the projection of the line on the plane TZ; and also 
for the trace -B(7, and the projection on the plane YX, 

Hence, this property, viz.: If a line he perpendicttlar to 
a plane in space^ t?ie projections of the line will he re- 
spectively perpendicular to its traces. 




EXAMPLES. 

1. Find the traces of a plane whose equation is, 

2 — 9y + llJB — 12 = 0. 

2. Find the traces of a plane perpendicular to a line, 
\rhose equations are, 

X = Sz + 5y and y = — 22 — 4. 
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3. Find the traces of a plane whose equation is, 

2aj — 3y — s = 0. 

SURFACES OF THE SECOND OEDEB. 

3S. The EQUATION OF A SURFACE, is an equation express- 
ing the relation between the co-ordinates of every point 
of the surface. 

It has been shown (Bk. I., Art. 18), that every equa- 
tion of the first degree, between two variables, represents 
a straight linfe ; and in (Bk. V., Art. 40 — 6), that every 
equation of the second degree, between two variables, 
represents a circle, an ellipse, a parabola, or an hyperbola. 

It has also been shown (Art. 26 — 3), that an ^equation 
of the first degree between three variables represents a 
plane, and analogy would lead us to infer what may be 
rigorously proved, viz.: that every equation of the second 
degree^ between three variables^ represents a curved surface.' 

29. Surfaces, like lines, are classed according to the 
degree of their equations. The plane, wh6se equation is 
of the first degree, is a surface of the first order ; and 
every surfiice whose equation is of the second degree, is 
a surface of the second order, 

30. The equation of a surface, is an equation which ex- 
presses the relation between the co-ordinates of every point 
of the surface. Although the equation determines the sur- 
face, yet it does not readily present to the mind, its form, 
its dimensions, and its limits. To enable us to conceiyc 
of these, we intersect the surface by a system of planes, 
parallel to the co-ordinate planes. If then, we combine 
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the equations of these planes with the equation ot the sur- 
&ce, the resulting equations will represent the curves in 
which the planes intersect the surface. These curves 
will indicate the form, the dimensions, and the limits of the 

sur&ce. 

31. To give a single (Example, let us take the equation, 

352 + y2 ^ 22 S-. J^\ 

Let us intersect the surface re- 
presented by this equation, by a 
plane parallel to J"-Z, and at a 
distance from it equal to c. The 
equation of the plane wiU be 
(Art. 1X\ 

Combining this with the equa- 
tion of the surface, we shall have, 

052 4- y^ = ^ — c\ 

which is the equation of the curve of intersection. This 
equation represents the circumference of a circle, whose 
centre is in the axis of Z, and radius, y^jB^ __ ^2^ 1^^ ra- 
dius will be real, for all values of c less than 72, whether 
c be plus or minus. It is zero, when c is equal to i?, and 
imaginary, when c is greater than -B. Thus, in the first 
case, the intersection will be the circumference of a circle, 
in the second case, it wiU be a point, and in the third, it 
will be an imaginary curve; or, in other words, the plane 
will not intersect the surfece. 
Since the given equation is symmetrical with respect 
13 
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to the three variables a, y, and 2, we may obtain amilar 
results by intersecting the surfece by planes parallel to the 
co-ordinate planes, YZ and ZX 

The co-ordinate planes intersect the snrfece in circles, 
whose equations are, 

a;2 + y2 ^ ^2^ aj2 -f- 22 ^ jR2, y^ ^ z^ = K, 

These results indicate that the surface whose equation is, 

a^ + y^ -f- »^ = B\ 

is the surface of a sphere ; but, to prove it rigorously, it 
would be necessary to show, that enery secant plane would 
intersect it in the circumference of a circle. 

Surfaces of revolution. 

32. Every surface which can be generated by the revo- 
lution of a line about a fixed axis, is called a surface of revo- 
lution. 

The revolving line is called the generatrix ; the line about 
which it revolves, is called the axis of the surface^ or the 
axis of revolution. 

In all the cases considered, we shall suppose the generatrix, 
in its first position, to be in the co-ordinate plane ZX^ and 
to be revolved about the axis of Z, 

33. When the generatrix is a straight line, and not per- 
pendicular to the axis of Z, the surface described is called a 
sui-face of single curvature. When the generatrix is a curve, 
the surface is called a surface of douMe curvature. 

The section made by a plane passing through the axis, ia 
called a meridian section ; or a meridian curve^ when the 
surface is of double curvature. 
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34. It is plain, fi-om the definition of a sur&ce of revo- 
lution, that every point of the generatrix will describe the 
circumference of a circle, the centre of which is in the axis 
of revolution. 

S5. Let DC he any curve, in 
the co-ordinate plane Z-X^ and 
let it be revolved around the axis 
of Z; it is required to determine 
the equation of the surface which 
it will describe. 

If we designate the abscissa of 

any point of the generatrix, as 2>, by r, and the ordinate 

by 2, the equation of the generatrix may be written under 

the form, 

r = Fiz); (1.) 

the value of r is always knoMna, in terms of z and constants, 
when the equation of the generatrix is given. 

We have now to express, analytically, the conditions which 
will cause this point of the generatrix to describe the circum- 
ference of a circle around the axis of Z, To do this, we 
have only to consider, that the circumference described by 
the point 2>, will be projected, on the co-ordinate plane YXy 
mto an equal circumference. If the co-ordinates of the 
points of this circumference be designated by x and y, we 
shall have, 

r = Va2"+ y^ (2.) 

If we now suppose r to take all possible values that will 
satisfy the equation of the generatrix, 

r = F{z\ 
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and then combine this equation with Equation ( 2 ), we shall 
have, 

r = F{z) = A/^FVy\ . . . (3.) 

which is the equation of the surface of revolution. 

An examination of the construction of Equation ( 3 ), will 
indicate the method of applying it, in finding the equation 
of any surfece. 

Equation ( 1 ) is the equation of the generatrix from which 
T is found, in terms of z and constants. This confines the 
point -Z>, whose co-ordinates are r and 2, to the generatrix. 
Equation (2) requires, that the curve traced by 2>, be the 
circumference of a circle; hence, the combination of those 
two equations, gives the equation of the surface. 

36. As a first application, let it be required to find the 
surface generated by the semi-circumference of a circle, 
whose centre is at the origin of co-ordinates. 

The equation of the generatrix will be, 

r2 + s2 --, jp . 



hence, r = -/^^TZ^. 

Substituting this value of r, in Equation (3), we have, 

^R^ — z^ = Vo^TmJ^; 

or, aj2 4- yZ + 22 _ ^2^ 

which is the equation of the surface of the sphere, when 
the centre is at the origin of co-ordinates. 

37. The volume described by the revolution of an ellipse 
about either axis, is called, an ellipsoid of revolution. It 



BOOK VI.] SUBFACES OF REVOLUTION. 197 

is also, sometimes, called a spheroid. It is called a prolate 
spheroid^ when the ellipse is revolved about its transverse 
axis, and an oblate spheroid^ when it is revolved about the 
conjugate axis. 

38. Let it be required to find the equation of the 
sur&ce of a prolate spheroid. If the transverse axis of the 
ellipse coincides with the axis of Zy the equation of the 
generatrix will be, 



hence, r = ^ -p 

Substituting this value, in the general equation of the 
Burfece of revolution. Equation (3), we obtain, 

which is the equation of the surface of a prolate spheroid. 

39. We find, by a similar process, the equation of the 
surfece of the oblate spheroid, to be, 

If in either of these equations, we make A z=i By we 
obtain, 

352 + y2 ^ «2 = 7^^ 

the equation of the surface of a sphere. 

40. If an hyperbola be revolved about its transvcBSO 
axis, each branch will describe a volume. The surface of 
each volume is called a nappe, and the two volumes taken 
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together, are called, an hyperholoid of revolution of two 

* 

nappes. 

The volume described by the revolution of an hyperbola 

about its conjugate axis, is called, an hypei'holoid of re- 
volution of one 9iappe, 

41* If the transverse axis of an hyperbola coincides 
with the axis of Z, the centre being at the origin, its 
equation will be. 

If the /conjugate axis coincides with Z, we have, 
^2jg2 _ ^22 ^ ^2^ (Bk. v., Art. 11). 

In the first case, the equation of the sui'&ce is, 

J52g2 __ ^2^jg2 _|_ y2^ __ j42J^ . in the second, 

^222 - ^(aj2 + y2) _ _ ^2J52, 

42. If a parabola be revolved around its axis, the 
volume described, is called a paraboloid of revoliUion, 
The equation of the generatrix being, 

r* = 2ps^ 
the equation of the surface will be, 

ar^ -f y2 _- 2pz, 

Surfaces of single ourvatnre. ' 

43. Let the generatrix be a 
straight line paraHel to the axis 
of Z. Equation (1) will then 
become, 

r=:F{z)=a^ an arbitrary constant ; y 

that is, for every vdkte of 2, r will be constant* 
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Equation (2) will become, 



or. 






hence, the equations of the sor&ce, are, 

r = an arbitrary constant, and 25^ + y^ = r*. 

The first condition indicates, that every point of the 
generatrix is at the same distance from the axis of Z; 
hence, each point will describe an equal circumference. 
The second condition indicates, that all these circumferences 
will be projected into the same circumference, on the co- 
ordinate plane YX\ hence, the surface is that of a right 
cylinder with a circular base. 



Surface of the cone. 

44. Let the generatrix be 
any straight line oblique to the 
axis of Z^ as J3C. Denote the 
distance A (7, by c. Then, since 
BC passes through the point 
(7, whose co-ordinates are, 
z' = c, and x' = 0, its equa- 
tion (Bk. I., Art, ao), is, 

z. = ax + c; 

if r denote the abscissa of any point of the generatrix, and 
2 the ordinate, its equation (Art. 35) will be, 




z = ar + ci whence, 



r = 



a 
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whence, we have (Art. 35), 



«— c 
a 



= V^ + y^\ 



or. 



(2 — c)2 = a\x^ -f y2) 



• (1.) 



In this equation, a is the tangent of the angle CBX. 
Denote its supplement, GBA^ by v\ then,* 



a = — tan v ; or, a?- = tan^iy ; 



hence. Equation (1) becomes. 



(a;2 + y2) tan^v = (2 — c)^ . . . (2.) 



This is the equation of the surface of the cone generated 
by the line BC^ revolving about 
the axis Z, It is a right cone^ 
with a circular base. G is the 
vertex of the cone, ABy the 
radius of the circle m which it 
is intersected by the co-ordi- 
nate plane YJCy and Vy the angle 
which the generatrix makes li^dth 
the base. 

If the generatrix, BCj be 
prolonged beyond the point (7, 

the prolongation will generate an equal conical sur&cc, 
lying above the vertex G. The conical sur&3e below tlie 
point Gy is called the lower nappe of the 'cone, and the 
surface above (7, the upper nappe of the cone. 

* Legendre, Trig. Art. 26. 
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45. Let the surface of this cone be now intersected by 
a plane, passing through the axis 
of Yf and consequently perpen- 
dicular to the co-ordinate plane 
ZX, Designate by w, the angle 
DAX^ which the secant plane 
makes with the co-ordinate plane 
TX, The equation of this 
plane will be the same as that 
of its trace AD (Art. 18 — 1); 
that is, 

z = X tan u. 

If we combine this equation with the equation of the 
Burfece, we shall obtain the equation of their curve of 
intersection. This equation is of the simplest form, when 
the curve is referred to two axes in its own plane. Let 
us, then, refer it to the two axes, AT] AD^ in the plane 
of the curve, and at right angles to each other. 

If we designate the co-ordinates of any point, referred 
to these axes, the one, for example, which is projected 
at B^ by a;', y\ we shall have. 




AG = a; = aj'cosw, BC 



z = as'smw; 



and since the axis of !F is not changed, 

Substituting these values in equation of the surface, (Equa- 
tion 2), we shall obtain, after reduction, the equation of 
intersection, 

y'2 tan^t; + x'^ cob^u (tanV — tan^w) + 2ca;' sin w = c- ; 
9* 
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or, omitting the accents, 

y2 tan^t; + x^ cos^w (tan^w — tan^) + 2cx sinw = c^. 

This equation is of the same form as Equation (4), 
Bk. v., Art. 38 ; hence, what was proved of that, may be 
proved of this. Therefore, 

1st. When the coefficients of y^ and cc^, have the same 
sign, the curve will be an ellipse : 

2d. When the coefficient of x\ is zero, the curve will 
be a parabola : 

3d. When the coefficients of y^ and a^, have unlike 
signs, the curve will be an hyperbola. 

Since the tan^w is always positive, the change of signs 
in the coefficients of y^ and as'-*, must arise from the 
change of sign in the coefficient of a^; and since cos^ 
is positive, the sign of this coefficient will depend on the 
relative values of v and u. When i; > w, it will be posi- 
tive; when V z= Uy it will be zero; when w > «?, it will 
be negative. 

46. In order to obtain the forms and classes of the 
curves which result from the intersection of the cone and 
plane, it might, at first, seem necessary to cause the angle 
u to vary from to 360°. But since the surface of the 
cone is symmetrical with respect to its axis, it is plain 
that all the varieties will be obtained by varying u from 
to 90°. 

47. Let us then resume the equation of intersection^ 
y^ tan^r + a;^ cos^w (tan^t? —* tan^w) -f 2cx sin w == c^ 
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and begin the discussion of, it, by supposing, 

w = 0, 



whicb will cause the secant plane 
to coincide with the co-ordinate 
plane Y^, The equation of the 
curve will then become, 



i2 



a;2 -f y2 



tan^v 



2«» 



hence, the curve is the circum- 
ference of a circle, of which A 

is the centre, and AD equal to 
c 



t2Lnv 



, the radius. 




4§. If we now suppose u to increase, the curve of 
mtersection will be an ellipse, so long as m < t>; that is, 

If a right cone with a circfular base be intersected by 
a plahe^ making with the base of th£ cone an angle less 
than the angle formed by the generatrix and base^ all the 
elements of the same nappe will be intersected^ and the 
curve of intersection will be an ellipse. 



49. When u becomes equal 
to w, the cutting plane becomes 
parallel to a generatrix of the 
cone: hence, 

J^a right cone with a circular 
base be intersected by a plane 
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I parallel to the generatrix^ tJie curve of intersection toiU 
be a parabola. 

50. When u becomes greater 
than V, the cutting plane will in- 
tersect both nappes of the cone ; 
hence, 

J^ a right cone with a circular 
base be intersected by a plane 
making with the base of the 
cone an angle grecUer than the 
angle formed by the generatrix 
and basey both nappes of the 

cone will be intersected^ and the curves of intersection will 
be an hyperbola. 
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PREFACE 



Tbb Dutebentiai. aitd Iitteobai. CALCcrtre is too impor. 
taut a part of Mathematical Science to be entirdy omitted 
in a coarse of Collegiate instruction. 

• 

The abstract quantities, Niunber and Space, are pre- 
sented to the mind, in the elementary branches of Mathe- 
matics, as of definite extent, and as made up of parts; 
and the value or measure (how much?) in any given case, 
is expressed by the number of times which the quantity 
contains one of its parts, regarded as a unit of measure. 
But we do not attain to a clear apprehension of their 
qitantitative nature^ until we regard them as of indefinite 
extent, as possessing continuity, and as capable of chang- 
ing fi-om one state of value to another, according to any 
conceivable law. 

The Differential and Integral Calculus embraces all the 
processes necessary to such an analysis. It regards quan- 
tity as the result of change. , It examines established laws 
of change and determines their consequences. It supposes 

• •• 

m 
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laws of change and traces the results of the hypothesis. 
In short, it embraces within its grasp — in the Material, 
everything from the minuest atom to the largest body— in 
Space, all that can be measured, from the geometrical point 
to absolute infinity — in Time, the entire range of duration 
— ^and in Motion, every change from absolute rest to infinite 
velocity. 

The German, the French, the English, and even the 
American press, has been prolific in the number of Trea- 
tises recently published on this subject. The effort to 
furnish better Text-Books, proves at once the value of the 
knowledge, and the great difficulty of presenting it in the 
best possible form. 

In regard to the Treatise now presented to the public, 
I have simply to say, that it is an Elementary Text-Book 
for the use of College Classes, and other classes of about 
the same grade. The Treatise of Professor Coubtenay, 
late of the Virginia University, and that of Professor 
Church, of the Military Academy, may be advantageously 
read by those who may wish to advance further; and it 
is due to Columbia College to state that this Treatise is 
used in the Course prescribed to all the pupils, and is not 
an exponent of the higher course pursued by those who 
make Mathematical Science a special branch. 

Columbia College, June^ 1860. • 
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INTRODUCTION. 



Common Terms must always be employed in definitions, 
because a definition refers to a class of things in which 
each enjoys at least one property common to all the 
others. Each individual of a class, so defined, is called a 
significate. 'A common term does not express to the mind 
a distinct and adequate idea of any one of its significates, 
but a general notion of them all ; hence, we do not com- 
prehend the full scope and meaning of a definition, until 
we have ascertained, by careful analysis, the number of its 
fflgnlficates and the exact characteristics of each. 

Mathematics is the science which treats, primarily^ of 
the relations and measures of quantities; and secondarily, 
of the operations and processes by which these relations 
and measures are ascertained. 

QuANTTiT is anything that can be increased, diminished, 
and measured. There are two general kinds, Number and 
Space, and each is subdivided into four classes. Under 
Number, we have Abstract Number, Currency, Weight, 
and Time; and under Space, Length, Surface, Volume, 
and Angular Measure. 

Mathematics, considered as a science of exact relation, 
is divided into three branches: 1. Arithmetic. 2. Geome- 
try. 3. Analysis. 

ix 
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ARiTHMKnc is that branch which treats of the properties 
and relations of Numbers, when expressed by figures. 

Geometry treats of the properties and relations of Mag- 
nitudes, by reasoning directly on the magnitudes them- 
selves, or upon their pictorial representations. The magni- 
tudes considered in this branch of Mathematics, are, lines, 
surfaces, volumes, and angles. 

Analysis embraces all that portion of Mathematics in 
which the quantities considered are represented by letters, 
and the operations to be performed are indicated by signs, 
or conventional symbols. Its elementary branches are, Al- 
gebra, Analytical Geometry, and Analytical Trigonometry. 
In these branches, quantities of the same kind are compared 
by means of their unit of measure, which has a fixed value, 
and is generally expressed, numerically, by the unit 1. 

A Variable Quantity is one which increases or dimi- 
nishes, according to any law, and thus passes from one 
state of value to another. If, in changing its value, be- 
tween any two limits, it passes through all the interme- 
diate values, it is called a continumis quantity. 

If we suppose a variable quantity, denoted by a?, to have 
a particular value, a? = a, and afterwards to assume an- 
other value, X =. a', we may suppose that x changes 
nniformly from a to a', and assumes, in succession, all 
the values between its limits. These two suppositions ren- 
der it impossible to express the change in value, either by 
1, or by any of the parts of 1. 

For, denote the uniform change in a, by A : then, if 
h could be expressed by a fraction, however small, that 
fraction could be diminished by increasing its denominator: 
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hence, there would be values between a and a', through 
wliich X would not pass, which is contrary to the hypoth- 
esis. Therefore, the hypothesis that x changes uniformly, 
and passes through all values between « = a and x = a', 
renders it impossible to express the change of value by 
numbers. 

When we say that a continuous quantity passes from 
one state of value to another, we mean that it either in- 
creases or diminishes ; and when we speak of the next 
value, we mean the first value which it assumes when a 
change begins. These two values are called consecutive 
values^ whether the change be uniform or varying. When 
the change is uniform, we have seen that the difference 
between consecutive values cannot be expressed in 1, or 
in parts of 1. The same is also true when the change 
is not uniform. For, if the difference of two consecu- 
tive values could be expressed in 1, or in parts of 1, it 
could be diminished ; hence, there would be intermediate 
values, which is contrary to the definition. 

The hypothesis, therefore, of continuous quantity, renders 
it impossible to cypress the elementary changes of value 
by means of numbers ; and hence, we are unable to deal 
with such changes by any of the methods already explained. 
The Calculus is the name given to that branch of 
Mathematics which treats of the properties and relations 
of continuous quantities — of the laws of change to which 
they may be subjected, and the results flowing from such 
changes. 

When we measure a quantity, great or small, the stand- 
ard, or unit of measure is of the same kind as the quantity 
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measured, and the ratio of this unit to the quantity is the 
result of the measurement. In the operations of the Cal- 
culus, the unit of measure is the change which takes place 
in the quantity that varies uniformly. This quantity is 
called the independent variable. The quantity whose 
changes of value are measured, is called the function. 
The independent variahle and ^mction are connected hy a 
law, either expressed or implied, and change simultaneously 
according to that law. 

The Theory of the Calculus, therefore, rests on the fol- 
lowing axioms and inferences: 

1. Where no law of change has been fixed, such a law 
may be imposed as will cause the variable to change uni- 
formly, and to pass through all values between any two 
limits. 

2. The difference between any two consecutive values of 
a quantity so varying, is constant. 

3. A quantity changing its rate according to this law 
furnishes a standard, or unit of measure, by means of which 
the changes in all other variable quantities may be rela- 
tively determined. 

4. When a variable quantity changes from one state of 
value to another, there exists a difference between two 
consecutive values, which forms no appreciable part of the 
quantity itself. 

5. The ratio of the change in the independent variable, 
to the corresponding change of the function, is the rate 
of change of the function ; and the actual change is denoted 
by the difference between two consecutive values. 
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SECTION 1. 

DEFINITIONa AND FIRST PRINCIPLES. 

Definitioxui. 

!• In the Differential Calculus, as well as in Analyt- 
ical Geometry, the quantities considered are divided into 
two classes: 

1st. Constant quantities^ which preserve the same values 
in the same investigation/ and, 

2d. Variable quantities, which assume all possible values 
that will satisfy any equation which expresses the relation 
between them. 

The constants are denoted by the first letters of the 
alphabet, a, 5, c, &c. ; and the variables, by the final let- 
ters, JB, y, 2, &c. 

Unifonn and varying changes. 

2. There are two ways in jvhich a variable quantity 
may pass from one value to another. 

If the variable cc, once had the particular value, aj = «, 
and afterwards assumed the value, x = a\ we can sup- 
pose: 
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1st. That during the change from a to a\ x assumed, 
in succession, and by a uniform change, aU the values 
between a and a\ just as a body moving uniformly over 
a given straight line passes through all the points between 
its extremities; or, 

2d. We may suppose, that during the change from a to 
a', X assumed all possible values between its limits, with- 
out the condition of a uniform change. In both cases, 
the quantity is said to be continuous, 

3. If two variable quantities, y and «, are connected 
in an equation, as, for example, 

y ,= x^ + 2; 

then, to every value of a;, arbitrarily assumed, there will 
be a corresponding value of y, dependent upon, and result- 
ing from, the value attributed to x. Thus, if we make 
05 = 4, We have, 

- y = 16 4- 2 = 18. 

K we suppose x to increase from 4 to 5, we shall have, 

y = 25 -h 2 = 27; 

thus, while x changes from 4 to 5, y changes from 18 to 27. 
If now we suppose x to increase from 5 to 6, y will 
increase from 27 to 38. Thus, while x increases uniformly 
by 1, y will change its value according to a very different 
law. 

Function and variable. 

4. When two variable quantities, y and x, are con- 
nected in an equation, either of them may be supposed 
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to increase or decrease uniformly ; such variable is called 
the independent variable^ because the law of change is 
arbitrary^ and independe7it of the form of the equation. 
This variable is generally denoted by a, and called sim- 
ply, the variable. The change in the variable y, de- 
pends on the form of the equation ; hence, y is called 
the dependent variable, or function. When such a rela- 
tion exists between y and a, it is expressed by an equa- 
tion of the fonn, 

y = jF(aj), y = f{x) ; or, /(y, «) = ; 

which is read, y a function of x. The letter JFJ or f 
is a mere symbol, and stands for the word, function. If 
y is a function of a?, that is, changes with it, x is also 
a function of y; hence. 

One quantity is a function of another^ when the two 
are so connected that a7iy change of value^ in either^ pro- 
duces a correspondi7ig change in the other, 

5. If the equation connecting y and a;, is of such a 
form that y occurs alone^ in the first member, y is called 
an explicit function of x. Thus, in the equations, 

y = aa;+J of a straight line, 

y = y^^ — x^ , . . . of the circle, 

» 

y = - -y/AP- — ic^ ... of the ellipse, 

y = 'y/^px of the parabola, and 

B 



y = yo^^ A^ . , . of the hyperbola, 
y is an exjylicit function of x. 
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But, if the equations are written under the forms, 



y — ax — b -= 

y'i — 2/?iB = 
J.2y2 _ ^2^.2 + ^2ji52 _ 



or, J^a;, y) = 0, 

or, A^^y) = ^y 

or, /[aJ, y) = 0, 

or, A^y) = o» 

or, A^y) = ^5 



y is called an implicit function of a; ; the nature of the 
relation between y and x being implied^ but not developed 
in the equation. 

6. It is plain, that in each of the above equations 
the absolute value of y, for any given value of cc, will 
depend on the constants which enter into the equation; 
this relatien is expressed, by calling y an arbitrary function 
of the constants on which it depends. Thus, in the equa- 
tion of the straight line, y is an arbitrary function of a 
and b ; in the equation of the circle, y is an arbitrary 
function of J? ; in the equation of the ellipse, of A and 
£ ; in the equation of the parabola, of 2p ; and in the 
equation of the hyperbola, of A and J5. 

y. An i7icreasing function is one which increases when 
the variable increases, and decreases when the variable 
decreases. A decreasing function is one which decreases 
when the variable increases, and increases when the variable 
decreases. 

In the equation of a straight line, in which a is posi- 
tive, y is an increasing function of x. In the equations 
of the circle and ellipse, y is a decreasing function of x. 
In the equation of the parabola, y is an increasing func- 
tion of X. In the equation of the hyperbola, y is imaginaiy 
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for all values of x <i Ay and an increasing function for 
all positive values of a; > -4. 

8. A quantity may be a function of two or more vari- 
ables. If 

u = ax -\- by\ or w = cuxF' — by^ + cz -\- dy 

u will be a Unction of x and y, in the first equation, 
and of Xy y, and z^ in the second. These expressions may 
be thus written : 

u = /(aj, y), and u = /(a?, y, z). 

llf in the second equation, we make, in succession, the 
independent variables a;, y, and «, respectively equal to 
0, we have, 

for, a;— 0, u z= — JyS-fcs+c? =f{y, z), 

for, a;=0, and y = 0, u = cz + d =f{^) \ ^o^> 

for, a;=0, y=0, and s=0, w = <? =a constant. 

Algebraic and Transoendental Functions. 

9. There are two general classes of functions: 
Algebraic and Transcendental, 

' Algebraic functions are those in which the relation be- 
tween the function and the variable can be expressed in 
the language of Algebra alone : that is, by addition, sub- 
traction, multiplication, division, the formation of powers 
denoted by constant exponents, and the extraction of roots 
indicated by constant indices. 

Transcendental functions are those in which the relation 
between the function and variable cannot be expressed in 
the language of Algebra alone. There are three kinds: 
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1. Exponential functions, in which the variable enters as 
an exponent ; as, 



u = a*. 



. 2. Logarithmic functions, which involve the logarithm 

of the variable; as, 

u = log 05. 

3. Circular functions, which involve the arc of a circle, 
or some function of the arc; as, 



u = sm a. 



u = coscc, 



u = tana. 



Geometrical representation of Functions. 

10. With the aid of Analytical Geometry, it is easy to 
trace, geometrically, tlie numerical relation between any 
function and its independent variable. 

Suppose we have given the equation, 

y = A^)' 

If we attribute to a;, the independent variable, in succes- 
sion, every value between — oo and + oo, eacb will give 
a corresponding value for y, which may be determined 
from the equation, y = f{x) 

Let O be the origin of a 
system of rectangular co-or- 
dinates. From O, lay off to 
the right, all the positive 
values of aj, and to the lefl all 
the negative values. Through 
the extremity of each abscissa, 
so determined, draw a line 
parallel to the axis of or din at es, 
and equal to the corresponding value of y; the plus values 
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will fall above the axis of JP^ and the negative values below 
it; then trace a curve, AMN^ through the extremities of 
these ordinates. The co-ordinates of this curve will indicate 
every relation between y and a?, expressed by the equation, 

y = /(«)• 

This curve should present to the mind, not merely any 
particular value of jc, and the corresponding value of y, 
but the entire series of corresponding values of these two 
variables, 

Iiaxiguage of numbers Inadequate. 

11« Suppose now, that we give to a a particular value, 
denoted by OP, To this will correspond a determinate 
value of y, found from the equation. 

This value of y will be denoted by MP, Let a;, starting 
from the value OP^ increase by a quantity denoted by 
A, and represented by PQ, The function y will change, 
in conseqtience, to some new value denoted by y' and 
represented by QN, Since the ordinate y = MP^ is 
represented under the form, 

y =/(«=) (1-) 

the new ordinate NQ will be expressed under the form, 

y'=zf{x + h) (2.) 

If we subtract Equation ( 1 ) from ( 2 ), we obtain, 

y'-y =A^ + ^)-f{^) ' . (3.) 

It is evident, that each member of this equation will 
reduce to 0, when we make A = 0. 
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If the abscissa a?, in increas- 
ing from P to §, passes through 
all the values of the abscissas 
between the limits OP and 
OQ^ then, h will pass through 
all values between and PQ. 
If the change in h is uni- 
form^ and such as to embrace 
every vahie between and any- 
arbitrary limit, denoted by P §, it is plain that such change 
cannot be expressed by a number of which the unit is 1, 
or any part of 1. For, however small may be the decimal 
fraction denoting the change, that fraction might still be 
diminished by prefixing ciphers ; hence, there would be val- 
ues through which A w^ould not pass, which is contrary to 
the supposition. Therefore, the hypothesis, that x changes 
uniformly^ and passes through all values between the limits 
X = OP, and x -=. OQ^ renders it impossible to express 
the change of value by numbers. A new language, there- 
fore, becomes necessary. 

OonsecQti've values and Differentialfl. 

12. Let us suppose the point iVJ of the curve, to ap- 
proach the point M. Under this supposition, the point Q 
will approach the point P, and h will diminish towards 0. 

If jST be made to coincide with JIf, Q will coincide with 
P; h will become 0, and y' will become equal to y, or 
y' — y = 0. But before I^ can coincide with M there 
will be a last value of h; this value is designated by (fe, 
and is read, differential of x ; the letter d being merely a 
symbol, and standing for the words "differential of." For 
this value of A, the difference of the ordinates, denoted 
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V y' — y? is designated by Jy, which is read, differential 
of y\ the letter </, as before, standing for the words, 
"differential of." Under this supposition, the values of the 
abscissas, x and x 4* cfo;, are called consecutive values, and 
so, also, are the values of y' and y\ hence. 

Two values of a Junction or variable, are consecutive 
tcheji they admit of no intermediate value under the same 
law of change. 

The difference between two consecutive values cannot 
be expressed by a number. For, if it could, such number 
might be diminished, and then there w'ould be intermediate 
Takes, which is contrary to the supposition. Therefore, 
the difference between two consecutive values is, numeri' 
caUxj^ equal to 0. 

The DIFFERENTIAL of a Variable quantity is the difference 
between any two of its consecutive values. 

Differential Coefficient. 

13. If we divide both members of Equation ( 3 ) by A, 
we shall have, 

y'- y A^ -f A) - fix) 



\h ~ h 



. . . (4.) 



Having draw^n MH parallel to the axis of abscissas, NH 
wiQ denote the difference of the two ordinates y^ and y; 
hence, the first, and consequently, the second member of 
Equation (4) will denote the tangent of the angle iOfi?, 
or NOQ, which the secant NM makes » with the axis of 
X* When the ordinates y' and y become consecutive^ 
the secant MN becomes tangent to the curve at the point 



* Trig., Art. 80—81. 
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M^ and the angle MOP changes to the angle MSP^ which 
the tangent line to the curve, at the point M^ makes with 
the axis of JC Denote this angle by a. Equation (4), 
then, takes the form, 

J^ = tan a (6.) 

ax ^ ' 

The first member of the equation is called the differ- 
ential coefficient of y; hence, 

The differential coefficient of a function is the differ- 
ential of the function divided by the differential of the 
variable. 

If we multiply both members of Equation (5), hjdx, 
we shall have, 

-^dx = tan a X dx. 
dx 

Before y' and y became consecutive, we had, 

2/' - y = im = tan iOfiJ x h; 

When they become consecutive, 

ax 

from the last equation; therefore, -^ dx is equal to the 
differential of the function y ; hence. 

The differential of a function is equal to its differ- 
ential coefficient multiplied by the differential of the vari 
al)le. 

Form of the difference between two states of a function. 

14. Let us now determine what form the second member 

« 

of Equation (3) assumes, fo^ any valve of h. 
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Equation ( 3 ) is, 

y'-y =/[a;-fA) -/(«) . . . (3.) 

1. If A be made equal to 0, the first and second mem- 
bers will each reduce to 0. Therefore, after reductions, 
there will be no term in the second member, that will 
not contain A, as a factor. Hence, the second member of 
Equation (3) is divisible by A. 

2. After dividing both members of Equation ( 3 ) by A, 
and passing to consecutive values, by making A numerically 
equal to 0, the second member reduces to tan a, a quan- 
tity independent of A (Equation ( 5 ) ; hence, there is one 
term in the second member of Equation ( 3 ) that contains 
only the first poioer of A ; and the coefficient of this term 
is tan OL. Since all the other terms become 0, when 
A = 0, each of them must contain A to a higher power 
than the first. The coefficient of the first power of A, is 
the differential coefficient of y (Art. 13). 

K we designate by P, the differential coefficient of y, 
and by P' such a value, that P'A^ shall be equal to all 
the terms of Equation ( 3 ), after the first. Equation ( 3 ) 
may be written under the form, 

y' - y = PA + P'A2 .... (6.) 

Since P, the differential coefficient of y, is equal to the 
tangent of the angle which the tangent line makes with 
the axis of abscissas, it will, in general, be a function of 
the abscissa aj, and P' will be a function of x and A. 

3. If we have a function of the form, 

y = aaj3, (1.) 
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and give to a? an increment A, we then have, 

y' = a{x + A)3 = ax3 + 3aAar^ + ^aKhs, + aA^ • (2.) 
and by subtracting Equation (1) from (2), we have, 

y' -^ y = 3aAiB2 4. ZahJhn + ah^ . . (3.) 
in which, P = Zajx\ and F' ■= Zax + aA- 
If we divide both members .of Equation (3) by A, 

^ 7 ^ = 3flKc2 4- 3oAaj 4- aA^^ 
n 

passing to the consecutive values of y and x, 

-~ = 3aa;% and -~- dx = Zax^dx, 
ax dx 



To find the difierential coefficient and the 

15. To find the differential coefficient of a function, and 
also, the differential of the function : 

1. Give to the independent variable cm arbitrary inert- 
menty and find tJie corresponding value of the function^ 
from this subtract the primitive function. 

2. Divide the remainder thus obtained by the incfG- 
menty and th^en pass to the consecutive values, by making 
the increment numerically equal to 0. The result obtained 
will be the differential coefficient^ and this, multiplied hy 
the differential of the variable^ gives the differential of 
the function. 

Bqaal fonofioiui have equal diffiarenfials^ 

16. If two iunctions, u and v, dependent on the same 
variable a, are equal to each other, for all possible values 
of Xy their differentials will also be equal. 
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For, X being the independent variable, we have (Art. 1^}, 

in which P is the differential coefficient of m, regarded 
as a function of o^ and Q the differential coefficient of 
t), regarded as a function of o^ 

But, since v! and v* are, by hypothesis, equal to each 
other, as well as u and v, we have, 

or, by dividing by h and passing to consecutive values, 

- du do 

^"^"^ ^ = ^' 

, du - do ^ 

and, -r-da5 = -^005, 

that is, the differential of u is equal to the differential 
of V, 

CtoiiTene not tme. 

17. The converse of this proposition is not generally 
true; that is, 

If two differentials ate equal to each other^ we are not 
at libertf/ to conditde that tJie functions from which they 
were derived^ are also eqiuzL 

For, let u = V zt A (1.) 

in which A la vl constant, and u and v both functions 
of X, Giving to a; an increment A, we shall have, 

U' = V' dz -4, 
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from wbich subtract Equation (1), and we obtain, 

and, by substituting for the difference between the two 
states of the function, we have. 

Dividing by A, and passing to consecutive valuer we 
obtain, 

p= C; that is, ^ = |; 

hence, — - (fe = — db; ; or, du = dv. 

Hence, the differentials of u and v are equal to each other, 
although V may be greater or less than w, by any constant 
quantity A ; therefore, 

JSvery constant quantity connected with a variable by 
the sign plus or minus^ toill disappear in the differen- 
tiation. 

The reason of this is apparent ; for, a constant does not 
increase or decrease with the variable; hence, there is no 
ultimate or last difference between two of its values; and 
this ultimate or last difference is the differential of a 
variable function. Hence, the differential of a constant 
quantity is equal to 0. 

1§. If we have a function of the form, 

U = AVy 

in which u and v are both functions of sb, and give to 
X an increment A, we shall have, 

w' — w = A{v' — V)y 
or, Ph + Fh^ = A{Qh + Q'h% 



J 
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PiYiding by A, and passing to the consecutive values, 

P = AQ, 

or, Pdx = AQdx, 

Bat, du = PdCy and dv = Qdx; 

hence, du = Adv\ that is. 

The differential of the product of a constant by a 
variable quantity^ is equal to the constant multiplied by 
the differential of the variable. 

Signs of the difiEsinential ooeffioient. 

19. If i^ is any function of a;, and we give to a; an 
increment A, we have, 



u' — u 



= P + P'A; 



3nd since h is positive, the sign of the first member will 
be positive when w < w' ; that is, when t« is an increasing 
ftmction of x (Art. 7). It will be negative when w > w' ; 
that is, when w is a decreasing function of x. Passing 
to consecutive values, we have, under the first supposition, 

-=- = — P, under the second; hence, 
dx 

The differential coefficients of increasing functions are 
POSITIVE, and of decreasing functions^ negative. 

If we multiply by dx^ we obtain the differentials, which 
have the same signs as the differential coefficients. 
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Nature of a dlfEerential coefficient, and of a diflEerentiaL 

20. The method of treating the Differential Calculus, 
adopted in this treatise, is based on three hypotheses: 

1st. That the independent variable changes uniformly: 

2d. That in changing from one state of value to 
another, it passes through all the intermediate values; and, 

3d. That all functions dependent upon it, undergo 
changes determined by the equation expressing the rela- 
tions between them; and that such equations preserve the 
same general form. 

If the independent variable changes uniformly, and as- 
sumes all possible values between the limits a5 = a, and 
X = a\ it is plain that the change cannot be denoted 
by a number (Art. ll). If, then, we denote this change 
by d/x,^ we assume that dx is smdUer titan any number; 
or, that its numerical value is ; hence, 

dx '" 
^ . 1 dx dx^ da? ^ 

that is, any power of dx divided by a power of dx 
greater by 1, is infinite \ hence, any power of <&5 is 0, 
compared with the power next less. Ilence, it follows: 

1st. That the addition of dx to any number, can make 
no alteration in its value; and therefore, when connected 
with a numeral quantity by the sign d: , may be omitted 
without error; thus, 

3«a; + dx =z Sax. 



I 
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2d. Since efo^ is 0, compared with dx; that is, infinitely 
than dx^ we have, 



bax^dx 4- dx^ = bax^dx^ 

and similarly for the higher powers of dx. 

The quantities, tfaj, dx^^ dx^^ &c., are called infinitely 
small qicantities^ or infinitesimals of the first, second, and 
third orders : from their law of formation, it follows that. 

Every infinitely small quantity may be omitted withovt 
error token connected by the sign ± with any of a lower 
order. 

Rate of change. 

21, The measure of a quantity, great or small, is the 
number of times which it contains some other quantity 
of the same kind, regarded as a unit of measure. 

In the Differential Calculus, dx, the differential of the 
independent Variable, is the unit of measure. The rate of 

change, in the function y, is therefore expressed hy -^, 
and the actual change corresponding to dx, by 

33. The equation of a straight line is, 

y :=: ax •\- h. 

If we take any point, as M, whose co-ordinates are y 
and X, and a second point N^ whose co-<»rdinates are y', 
X •{■ h, and we have, 

y'-^y=:ah', or, ^ 7 ^ = a . . (1.) 
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that is, 
-=^ = tangent NMR = a; 

and, passing to the consecutive 

values, 

dy 




dx 



= tangent a z= a 
dy 



(2.) 



The differential coefficient -~, measures the rate of 

increase of the ordinate y, when x receives the incre- 
ment dx\ and since this value is independent of », the 
rate will be the same for every point of the line ; that 
is, the rate of ascension of the line from the axis of 
abscissas, is the same at every point. And since, 

dy 



dx 



dx z=: dy =, adx^ 



the change in the value of the ordinate will be uniform^ 
for uniform changes in the abscissa. 

23. Let us examine an 
equation, 

y ==/(x) . . ( 1.) 

not of the firat degree. 

Let us suppose the curve 
AMN to be such that the 
abscissas and ordinates of its 
different points shall correspond 
to all possible relations between y and a, in Equation (1). 

We have seen (Art. 13) that, 

-^- = tan TMR = tan a ; hence. 
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the rate of increase of the function, or the ascension of 
the curve at any point, is equal to the tangent of the 
angle which the tangent line makes with the axis of ah- 
scissas. We also see, that this value of the tangent of 
a, will vary with the position of the point Jf ; hence it 
is a function of x; therefore, * 

In even/ equation^ not of the first degree^ the differ- 
erUial coefficient is a function of the independent variable, 

1. We have seen, that when the points J\f and iV are 
consecutive, the secant line, MN'y becomes the tangent 
line, TMS (Art. 13). The line MB is then denoted by 
dx, and J?iV or JRTy (for the points Jf and T then coin- 
cide), by d^. If we give to the new abscissa, a -f efe, 
an additional increment dx^ and suppose the correspond- 
ing ordinate, y -{• dy^ to receive the same increment as 
before^ viz. : dy^ the extremity of the last ordinate will 
not fall on the curve, but on the tangent line, since the 
triangles thus fonned are similar; hence. 

If a function be supposed to increase uniformly from 
any assumed value^ the differential coefficient will be 
constant^ and eqxial to any increment of the function 
divided by the corresponding increment of the variable. 

Nature of the Differential CalculuB. 

24. In every operation of the Differential Calculus, one 
of two things is always proposed, and sometimes both : 
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1st. To find the rate of change in any vanable ftmc- 
tion when it begins to' change from any assigned value. 

2d. To find the difierence between any two consecutive 
values of the function. This difference is the actiud 
change in the function, produced by the smallest change 
which takes place in the independent variable. 

The use of the independent variable is to furnish a unit 
of measure for the increment of the function, and thus to 
determine itS' rate of change^ as it passes through all its 
states of value. This ratio can generally be expressed in 
numbers, either exactly or approximatively. 

25. The increment of the function, corresponding to 
the smallest increment of the variable, being the difference 
between any two of its consecutive values, is a quantity of 
the same kind as the function, and differs from it only in 
this : that it is too small to he expressed by numbers. The 
differential of a quantity, therefore, is merely an element 
of that quantity ; that is, it is the change which takes place 
when the quantity begins to increase or decrease, from 
any assumed value. When we find this element, we have 
the differential of the function ; and by dividing by <&, 
we have the differential coefiicient. Hence, 

The Differential Calculus is that branch of Mathe- 
matics which has for its object : 

1. To find the rate of change in a function^ when it 
passes from, one state of value to another^ consecutive 
with it, 

2. To find the acttcal change in the function. 

The rate of change is the differential coefficient^ and the 
actual change, the differential. 



SECTION II. 

DIFFERENTIALS OP ALGEBRAIC FUNCTIONS. 

DifierentUd of anm or dLflforenoe of Fanotioiifl. 

S6. Let r be a function of the algebraic sum of 
several variable quantities, of the form, 

u — y + Z'-wzzL J\x)j 

in which y, 2, and w?, are functions of the independent 
variable x. 
If we give to a; an increment A, we shall have, 

u' -^ u = (y' ^ y) + («' — 2) — {w' — w) ; 

hence (Art. 14), 

m' - w = (PA + rh^) -\'{Qh+ Q'h') - {Lh + L'h% 

or, "^^-^ = (P + P'h) + (C + Q'h) - (X + i'A), 
and by passing to consecutive values, 

multiplying both members by dx^ we have, 

---dx := Pdx + C^faj — Ldx, 
ax 

But as P, C and i, are the differential coefficients 
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of y, 2, and «?, each regarded as a function of «, it 
follows (Art. 15) that, 

4 

The differential of the sum or difference of a7iy number 
of functions^ dependent on the same variable^ is eqical 
to the sum or difference of their differentials taken 
separately. 

Di£E(n«ntial of a prodaot. 

27. Let u and v denote any two functions, x the 

independent variable, and h its increment ; we shall then 

have, 

w' = u + Ph + F'h\ and 

v' = v+ Qh+ Q'h\ 
and, mnltipljdng, 

uW = (w + PA + P'A2) {v + Qh 4- Q'h'^) 

= uv + vPh + uQh + PQh^ + <fec. ; 
hence, 



u^v^ — uv 



= vP + uQ -\- terms containing A, A^^ ^n^i ^3^ 



If now we pass to consecutive values, we have, 

therefore, d{uv) = i;Pc?aj + "W §c?x = i;c?w + udv ; hence, 

^Ae differential of the product of tico functions de- 
pendent on the same variaMe^ is equal to tlie sum of 
the products obtained by multiplying each by the differ- 
ential of the other. 
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1. If we divide by wv, we have, 

\ 

d(uv) du , dv . , ^ 
= 1- — • • • • • ( i.j 

UV U V 

that is, 

ITie differcfitial of tJie product of two functions^ divided 
by the product^ is equal to the sum of the quotients 
which are obtained by dividing the differential of each by 
its function, 

28. We can easily determine, from the last formula, 
the differentiaj of the product of any number of functions. 
For, put V = tSy then, 

dv d{ts) dt ds . . 

— — — - — = —- 4" — • . • • ( 2.) 
V ts t s 

and by substituting ts for v, in Equation ( 1 ), we have, 

diuts) du dt ds 

— i- = 1 ; 

uts u t s 

and in a similar manner we should find, 

dOutsr. . . .) du dt , ds , dr « 

tctsr .... u t s r 

If, in the equation, 

d{uts) _^ du dt ds 

- — -f~ "7" "T" 1 

uts U t S 

we multiply by the denominator of the first member, we 
shall have, 

d{uts) = tsdu + usdt + utds\ hence, 

Tlie differential of the product of any number of func 
lions, is equal to the sum of , the products lohich arise 
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by multiplying the differential of each function by tht 
product of all the others. 



Di£EerentialB of Fractioiu. 

29. To obtain the differential of any fraction of the 
form, - • 

V 

Put, - = ^, then, u = tv. 

Differentiating both members, we have, ' 

du = vdt 4- tdv ; 

finding the value of dt^ and substituting for t its value 
- , we obtain, 

V 

du udv 
dt =z , 

or, by reducing to a common denominator, 

, vdu — udv , 
dt = ; hence, 

The differential of a fraction is equal to the denom- 
inator into the differential of the numerator^ minus 
the numerator into the differential of the denominator^ 
divided by the squ-are of the denominator. 

1. If the denominator is constant, dv = 0, and we 

have, 

vdu du 



dt = 



^2 1) 



i 
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2. If the numerator is constant, du = 0, and we have, 

- udv 
dt =z ; 

and under this supposition, ^ is a dccreaong function of 
V (Art. 7) ; hence, its differential coeflScient should be 
negative (Art. 19). 

DifierentiaLi of Powers. 

30. To find the differential of any power of a function. 
First, take any function w", in which n is a positive whole 
number. This function may be considered as composed 
of n factors, each equal to w. Hence (Art. 21), 

d(u*) diuuuu . . . .) dtt du dti du 

~ =Tr + Tr + "77+— -+ 



w" (uuuu . . . .) u u u u 

But as there are n' equal factors in the numerator of the 
first member, there will be n equal terms in the second; 

, dUi^) ndu 
hence, -^^ — - = ; 

therefore, d{u*) = nu*''^du. 

7* 

h If n is fractional, denote it by — , and make. 



r 



V = w% whence, v* = w*" ; 
and since r and s are entire numbers, we shall have, 





sv'^^dv — ru^^^du; 


from which 


we find. 




, ru^-^ , rw*"-' y 


16 


su* 



n 
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or, by reducing, 

r --I 

8 

which is obtained directly from the function, 

T 

by changing the exponent n to - • 

2. If the fractional exponent is one-hal^ the function 
becomes a radical of the second degree. We will give 
a specific rule for this class of functions. 

Let V = w^, or, « = 'y/u\ 

then, dv = -^ du =z -^ ^ du =. — p; 

2 2 2y« 

that is, 

The differential of a radioed of the second degree^ is 
equal to the differential of the qitantity under the sign 
divided by twice the radical. 

^, Finally, if n is negative, we shall have, 

1 

from which we have (Art. 29), 



d{u—) = d(-\ = ^^ 
^ ' \w«/ u 



%n ||2« » 



an4, by reducing, 

<?(t^-*») = — nw^^^du; hence, 
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The differential of any power of a function^ is equal 
to the exponent mvltiplied by the function raised to a 
power less one, miUtiplied by the differential of the funo- 
Hon, 

Fonnnlai for difierentiating Algebraic Fnnotloiis. 

1. d{a) =0 (Art. 17.) 

2. d{ax) = adx (Art. !§•) 

d, d{x -\- y) = dx -^ dy (Art. 26.) 

4. d{x — y) =: dx '-' dy (Art. 26.) 

6. d{xy) = xdy + ydx (Art. 27.) 

«• 4i) = ^^ •••"•• (Art- »»•) 

7. d{Qf^) = ma^""*cfe (Art. 30.) 

dx 

8. c?(y£) = --;= (Art. 80—2.) 

9. d{x-i) = x-^-^dx . . . (Art. 80— 3.) 

s 

EXAHFLES. 

Find the differentials of the following functions: 

'I, u = ax — y, du = adx — dy. 

•2. u = d^^ + 2. du =: d^2xdx + dz, 

• 3. w = b^ — y3 + a. du ■=: 2bxdx — Sy^dy. 

A, u = ax^ ^ ba^ + X. du = {2ax — Sbx^ + l)dx. 

.6. -M = cy^ — JB^ + ay\ du = 2[(c -f a)ydy — xdx,] 
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, 6. t^ = x^z. du = yzdx + xidy 4- xydz, 

.7. t* = y* — a^ — 8aa*, <ife« = 2(y<?y — 20az^dz.) 
•8. w = 3a*aj". rfw = Sna^sc^-^dx^ 

9. w = — 2aar^ - 6 + 4^2^^. c^ti = 2^^ + ^IWjdx. 

- 10. «« = Saj® — 2ay — ^2. tftf = 25xi^dx — 2a<7y* 

' 11. tt = 35* — a3 + 46. du =z (n«»-^ — ^9^^)<^ 

» 12. w = flKB(a52 + 35). i2u = Za{x^ + h)dx^ 

'^13. u = (aj^ + a) (a; — a). rfw = (So* — 2aar + a)cfo; 

xl4. ti = aj^yz^a. dw = 2xy^z^dx ■\- 2xh^ydy + Z7?y^dz, 

> 16. tt = 0052(053 + ay du = ax(5a^ 4- 2a). 

y" 

^ ^^ 

, — cfc 

aw = - 



16. 


u 


= 


0? 

— . 

V 






lY. 


u 


= 




a 




ft- 


- 2y2 




18. 


u 


r= 


I 

— • 
X 






19. 


u 


7— 


X- 


•n ^ 


1 

aj* 



<?« = 



»2 

— ndx 



20. I^d tbe differential of t; in the equation, 

u = -/a^ — aj2. 

Put, o^ _ a^ -, y . then, w = y^ ; and (Art. 30-— 2), 

2Vy 
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But, dy =z ^ 2xdx; then, substituting for y and dy^ 
their values, we have, 

- — ' 2xdx — oidx 

du = 



(a + a5)c& 



21. u = y^oi + a;2 du = 



'^2ax + a? 



22, u = 7" - ' du zzz g 

Vl -a^ (1 - aj2)' 

23. u = , ow = 



i^ 



X + -v/l -«2 -/I -352(35+ -/I— a;*)* 

24. w = (a + V»/- ^^ = ^ ■ V 

2'v/aj 



a* — a;^ 
25. « = 



a* + a^2 + a;* 

- — 2aj(2a* + 2ahy^ — a;*)&5 
or, du = ^__^-^__ 

26. u = -/a2 + x^ X V^+y^. 

(ft2 + y2)x€lx + (a« + a52)y(fy 

au = -7= - : — J 

V^+ a^ V^M- y^ 

aw = T 



27. 


u 


^= 


35* 


(1 + «)• 


28. 


u 


— 


1 4- «2 
1 — ar» 

y' 



(1 + a;)«+i 



^^ ~ (1 _ 7?Y 
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29. « = ?-±y. <fo = g(«fo + rfy) - (» + y)3& 



80. « = i^±vlZi. 



du = — 



(1 + -/I - x')dx 



BUEeirentlal of a partionlar Mw^tftl 
80.— 1* Let t* = (a + te*)"». 
Put a + &B» = y ; then, t# = y« ; and (Art. 80), 

But, from the first equation, 

dy = nbx*-^dx; 

substituting for y and dy their values, we hare, 

du = mnd(a 4- &c*)"*"'aj''-^d5B; 

that is, to iind the differential of a binominal function 
of this form, 

MvUijply the exponent of the parenthesis^ into the ex- 
ponent of the variable wiihin the parenthesiSy into the co- 
efficient of the variable, into the binomial raised to a 
power less 1, into the variable vnthin the parenthesis 
raised to a power less 1, into the differential of the va- 
riable. 

Rate of change of the Functioii. 

31« What is the rate of change in the area of a square, 
when the side is denoted by the independent variable? 
We have seen (Art. 2l) that the differential coefficient, 

— , denotes the rate of change in the function y, cor- 
dx 
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responding to the change dx in the value of x; and that 
in all equations, except those of the first degree, this rate 
will he variabley and a function of x (Art. 38). 
Let X denote the side of a square, and u its area ; then, 

u = x\ and -=- = 205; 

dx ^ 

hence, the rate of change in the area of a square is 
equcd to twice its side; that is, if the side of a square 
is 1, the rate of change in the area will be 2 ; if 5, the 
rate of change will be 10 ; and similarly for other numbers. 

2. What is the rate of change in the volume of a 
cube, when its edge is the independent variable? 

Let X denote the edge of a cube, and u its volume ; 

then, 

o ^ du ^ ^ 

M = a^, and -r- = ^^ \ 

dx ' 

hence, the rate of change in the volume, is three times 
the square of Ats edge. If the edge is 1, the rate of 
change in the volume is 3 ; if 2, the rate of change is 
12; if 3, the rate is 27; and similarly, when the edge 
is denoted by other numbers. 
Find the rates of change in the following functions: 

3. t* = 8a5* — 3a52 — 5a5 + a. A, 32aj3 — 6a5 — 6. 
What will express the rate for 

ajrrl, 05 = 2, a; = 3? 

4. w = (jb3 +.a) (3a;2 + h). A. 15a;* + Z7?h + Ooaj. 

Find the rate for, 

05 = 1, X = 2, 
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5. u = A. — 



1 - « , (1 - »)2 

What is the rate for, a5=:0, aj = 4, x = ■— 1? 
6. ^=(005 + x^y. A. 2(ax -i- x^) {a + 2x). 

What is the rate for, 05 = 0, a;=l, 05 = 3? 

X 1 

Y. w = — : > A. 



X + -/I - x^' ' -/i~+ aj2(l + -/l - a^)^' 

What is the rate for, a; = 0, a; = 1 ? 

Hence, to find the rate of change for a given value of 
the variable : Find the differential coefficient^ and substi- 
tute the value of the variable in the second member of the 
eqitation. 

Partial Differentials. 

82. If we have a function of the form, 

w = A^i y) . . . 1 . . ( 1.) 

the equation denotes that u is s. function of the two 
variables, x and y. K we suppose either of these, as y, 
to remain constant, and x to vary, we shall have, 

if we suppose x to remain constant, and y to vary, we 
shall have, 

^ =/"(<«, y) (3.) 

The differential coefficients which are obtained under 
these suppositions, are called partial differential coefficients. 



I 
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The first is the partial differential coefiicient with respect 
to JB, and the second with respect to y. 

33. If we multiply both members of Equation ( 2 ) 
by dx^ and both members of Equation ( 3 ) by (7y, we 
obtain, 

^dx =: f\x, y)dx, and -^^ dy = /"(a, y)dy. 

The expressions, 

du , du - 

are called, partial differentiaU ; the first a partial differ- 
ential with respect to sc, and the second a partial differ- 
ential with respect to y\ hence, 

A PARTIAL DIFFERENTIAL COEFFICIENT %8 the differential 
coefficient of a function of two or more variables^ under 
the supposition that only one of them has changed its 
value/ and, 

A PARTIAL DIFFERENTIAL is tJie differential of a func- 
tion of two or more variables^ under the supposition that 
only one of them has changed its value. 

If we suppose both the variables to undergo a change 
at the same time, the corresponding change which takes 
place in w, is called, the total differential. If we extend 
this definition to any number of variables, and assume 
what may be rigorously proved, viz. : 

That the total differential of a function of any number 
of variables is equal to the sum of the partial diff^* 
entials^ 
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ire have a general formula applicable to, every funo 
tion of two or more variables. 



EXAMPLES. 

1, Let u = x^ + j/^ — z; then, 

— dx=z 2xdXj 1st partial differential ; 



<( 



II 



^dy = 3y2Jy, 2d " 

-=-dz = — dzy 3d " 
dz 

hence, du = 2xdx -f *3y2^y — dz. 



2. Let u zz: xi/] then, 

hence, du = ydx + asefy. 



3. Let u = af»y* ; then, 

-T-«a5 = maf^-^y^dxj 

du 

~ay = ny» " ^ af'dl'y ; hence, 

du = mQif^~^j/'*dx + ny*-^ixf^dy = af*-^y"-*(my^ + n^y). 
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4. Let 



hence, 



u 


= 


- ; then, 

y 


-=- ax 
dx 


= 


dx 

y' 


du . 


— 


xdy 


• 




ydx — a5</y 



#2 



6. Let u = 



ay 



hence, 



V^M- y^ 



^- €lX 

dx 



= ay(a^ + y^) a ; then, 



aysM^ 



(a;2 + y2)^ ' 



<?y 



Jy = 



ady ciy^dy ' 



rfw = — 



Cii/xdx — ao^dy 



(«2 _ y2) 



6. Let 



w = fiiys^; then, 



dfw = yztdx + a^^c^y + xytdz + scyeefi^. 



SECTION III. 

INTEGBATION AND APPLICATIONS. 

34. An Integral is a functional expression, either al- 
gebraic or transcendental, derived from a differential. 

Differentiation and Integration ftre terms denoting 
operations the exact converse of each other. 

Differentiation is the operation of finding the differ- 
ential iimction from the primitive function. 

Integration is the operation of finding the primitive 
function from the differential function. 

Rules have been found for the differentiation of every 
form which a function can assume. Hence, in the Differ- 
ential Calculus, no case can occur to which a known rule 
is not applicable. In the Integral Calculus it is quite 
otherwise. 

In returning from a known differential to the integral 
from which it may have been derived, we compare the 
differential expression with otKer eonpressions which are 
\ known to be differentials of give?! functions, and thus 
arrive at the form of the integral, or primitive function. 
The main operations, therefore, of the Integral Calculus, 
consist in transforming given differential expressions into 
others which are equivalent to, them, and which are differ- 
entials of known functions ; and thus deducing formulas 
applicable to all similar forms. 

The integration is indicated by placing the sign / 

48 
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before the expression to be integrated. It is equivalent 
to "integral of"; thus, 

is read: "Integral of 2a^, is equal to a:^." 

Integration of Monomials. 
35. The differential of eyery expression of the form, 
w = af», is <?w = m^^^dx (Art. 30)) 

which has been found by multiplying the eocponent into 
the variable raised to a power less one^ into the differ" 
mtial of the variable. 
I^ then, we have a differential expression, of the fonn, 

ma^'^^dfe, or, af»<foj, 

we can find its integral by reversing the above rule ; that 
is, to find the integral of such an expression. 

Add 1 to the exponent of the variable^ and then divide 
by the new exponent into the differential of the variable* 

EXAMPLES. 

Find the integrals of the following differential expressJbns : 

1. If du =i 2xdx. I du = =- = x^, 

' •^ 2 X dx 

2. If du = Sx^ch. / dp = =- = a^. 

* This rule applies to every case of a diflFerential binomial of the 
form, Aa^dx, except that in which m is — 1 (Art. 90). 
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du = - — -^ = -iB®. 

/x~^^dx 1 

5. If c^ = aj^yajcfe, /^^ = J o^dx = -ic*V^. 

36. We have seen, that the differential of the product 
of a constant by a variable, is equal to the constant multi- 
plied by the differential of the variable (Art. l§). Hence, 
the integral of the product of a constant by a differ- 
entialj is equal to the constant rmdtiplied by the integral 
of the differential; that is, 

/aof^dx =z a I Qif^dx = a — -— - af* "^ ^. 

Hence, if the expression to be integrated has one or 
more constant factors^ they should^ at once^ be placed as 
factors^ without the sign of the integral, 

37. It has been shown that the differential of the 
sum or difference of any number of variables is equal to 
the sum or difference of their differentials (Art. 26). 
Hence, if we have a differential expression of the form, 

^ du = 2aai?dx — bydy — z^dz; 

we may write, 

fdu = 2afx^dx - bfydy - fz^dz ; or, 

du = -aa;3 - -y^ - -; that is. 
The integral of the algebraic sum of any number of 
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differentials is equal to the algebraic sum of their int6' 
grals. 

38. It has been shown that every constant quantity 
connected with a variable by the sign plus or minus, dis- 
appears in the differentiation (Art. 17); that is, 

d{a -f ^) = daf* = msxf^-^dx. 

Hence, the same differential may have several integral 
functions differing from each other by a constant term. 
Therefore, in passing from a differential to an integral 
expression, we must annex to the first integral obtained, 
a constant term, to compensate for the constant term 
which may have been lost in the differentiation. 

For example, it has been shown in Art. (29), that, 

S = «, o. ^ = ^ 

is the differential equation of every straight line which 
makes with the axis of abscissas an angle whose tangent 
' is a* Integrating this expression, we have, 

fy = «/<^ (1.) 

or, y = oaj; 

or, finally, y = ax + O (2.) 

I^ now, the required line is to pass through the origin 
of co-ordinates, we shall have, for 

a; = 0, y = 0, and consequently, (7=0. 

But if it be required that the line shall intersect the 
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axis of IF at a distance from tlie origin equal to + J, 
we shall have, for 

05 = 0, y = + J, and consequently, O = -{- b', 

and the true integral will be, 

y = ax + b (3.) 

I^ on the contrary, it were required that the right line 
should intersect the axis of ordinates below the origin, 
we should have, for 

aj = 0, y = — 5, and consequently, O = — b] 

and the true integral would be, 

y = 005 — ft (4.) 

The constant quantity (7, which is added to the first 
integral, must have such a value as to render the func- 
tional equation trus for every possible value that may be 
attributed to the function or variable. Hence, after having 
found the first integral equation, and added the constant 
(7, if we then malce the variable equal to zero^ the value 
which the function assumes wiU be the value of G, 

1. An indefinite integral is the first integral obtained, 
before the value of the constant G is determined. 

2. A particular integral is the integral after the value 
of G has been found. 

3. A definite integral is the integral corresponding to 
a given value of the variable. 

Thus, Equation (2) is an indefinite integral, because, so 
long as (7 is undetermined, it will be the equation of a 
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system of parallel straight lines. Equations (3) and (4) 
are particular integrals, because each belongs to a par- 
ticular line. 

39. The zero value of an integral is called the origin 
of the integral. The value of the variable corresponding 
to the origin, is found by placing the second member of 
the integral equation equal to zero, and finding there- 
from the value of the variable. Thus, if in Equation (4), 
we make, y = 0, we have, 

ax — o = 0, and x = -i 

a 

this shows that the origin of the value of y is on tho 
axis of abscissas, and at a distance from the origin of co- 
ordinates equal to -. In Equation (3) it would be- at 

^ h 

a point whose abscissa is • 

a 

Integration between limits. 

40, Having found the indefinite integral, and the par- 
ticular integral, the next step is to find the definite in- 
tegral ; and then, the definite integral between given limits 
of the variable. 

Let us take the particular integral found in Equation (3), 

y = dx + h. 

If it is required to find the value of the function y, for 
a given value of the variable jc, as, a? = a;', y will be- 
come a constant for this value, and we shall have, 

y' =z ax' + h (6.) 

which is a definite integral. 
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If we wish the value of the function corresponding to a 
second abscissa, x = x'\ we shall have, 

y" = 005" + J (6.) 

If we subtract Equation (6) from Equation (6), we have, 

y"-y' = a(aj"-a5') .... (7.) 

which is the definite integral of y, taken between the lim- 
its, X = x\ and x = x". 

If, x' = OP, and a" = 0Q\ then, 
y' = PM^ and y" = ^iV^; hence, 
y" -y' = a{x" - x') = iVB ; 

Therefore : The integral of a funo- 

tioh^ taken between two limits^ is eqvxd 

to the difference of the definite integrals corresponding to 

those limits. 

Let us now explain the language employed to express 
these relations. The modified form of Equation ( 1 ), 

J(dy)fo^ix/ = ajch, 

is read: "Integral of y, when x is equal to as';" and 

J ((?y)a,-aj" = a J dx^ 
is read : " Integral of y, when x is equal to aj" ; " and 



te 



// 



f{dy) = afdx, 



»' 



is read: "Integral of the function y, taken between the 
limits, x' and a;"; the least limit, or the limit correspond- 
ing to the subtractive integral, being placed below. 
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EXAMPLE. 



1. What is the integral of du = 9x^dx^ between the 
limits 05 = 1, and a; = 3, if in the primitive function 
u reduces to 81, when aj r= 0. 

J du z= J 9x^dx =z 3a^ + O I hence, 

j fdu = 3i«3 -f (7. 

But from the primitive function, u = 81, when a; = 0; 

I hence, C = 81, and, 

i 

fdu = 3a;3 + 81 (1.) 

/Wfl,-! = 3 + 81 == 84 . . (2.) 
y*W»-8 = 81 + 81 = 162 . . (3.) 

8 

f{du) = 162 - 84 = 78 . . ( 4.) 
1 

What is the value of the variable corresponding to the 
origin of the integral (Art. 33) ? 
Making the second member of Equation ( 1 ) equal 0, 

Za^ +81=0, or, aj = — 3. 

Integration of particular binomials. 
41. To integrate a differential of the form (Art. 30), 

du = mnb{a + to")'"-'a5""~'(fe; or, 

du = \a + l^)?x'*-^dx (1.) 
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The charactemtic of this form is, that the exponent of 
^e variable without the parenthesis is less by 1 than the 
exponent of the variable within. 

Put, (a + 5a:«) = 2 ; whence, {a + te")" = ^ ; and, 

nbx^'-^dx = dz ; whence, x^'-^dx = —z ; hence, 

and consequently, 

(a + 13^)"+^ , „ 
^ - (m + l)w& 

Hence, to find the integral of the above form, 

1. If th&re is a constant factor, p^ace it without the 
sign of the integral: 

2. Augment the exponent of the parenthesis by 1, and 
then divide the quantity, with its exponent so increased^ 
by the exponent of the parenthesis, into the exponent of 
the variable within the parenthesis, into the coefficient of 
the variaHe, 

EXAMFLES, 

1. f{a + S^rxdx = ^^^+0; and 

m{a 4- bx^yxdx = ^{a + bx^)"^ + G. 



3. fmn{a — 4ca*)V<fe5 = — —(a — 4ca;*) 



mn^ ^ «.^\4 

r 
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Integration by Serial. 

4k^^ The approximate integral of any function of the 

form, 

du = JTdXy 

may be found, when JT is such a function of x, that it 
can be developed into a series. Having made the 
development of the function JT, in the powers of as, 
by the Binomial Formula, we multiply each term by (&, and 
then integrate the terms separately. When the series 10 
converging, we readily find the approximate value of the 
fimction for any assumed value of the variable. 

EXAMPLE. 

1« Find the i^proximate integral o^ 

in v^hich, X = (1 - x^)"^. 

Developing, (1 — a^)"* by the binomial formula,f 

multiplying by efiB, and integrating, we obtain, 
/•t . 1 «^ . 1 3 aj** , 1 3 5 a;'',. 

y ^« = ^^ + T y + -2 • T 5 + Y • T • T T + *"• 



* Bourdon, Art. 166, University, Art. 33. 
t Bourdon, Art. 135. University, Art 104. 
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from which we obtain an approximate value of t/, cor- 
responding to any yalae we may give to as; 



APPLICATIONS TO GEOMETRICAL MAGNITUDES. 

BqaatkniB of Tangants and Nonnals. 

48. We have seen, that if x and y denote the 

co-ordinates of every point of a curve, -^ will denote 

the tangent of the angle which the tangent line makes 

with the axis of abscissas (Art. 18). This value of j- 

was found under the supposition that the second secant 
point became consecutive with tJie first; hence, 

Any two consecutive points^ must^ at the same timt, 
he in the chords the curve^ and the tangent. 

Denote the co-ordinates of the point of tangency, in any 
cui*ve, by a;" and y". If through this point we draw any 
secant line, its equation will be of the form, 

y - y" = a{x ~ «")•* 

If the second point of secancy becomes consecutive with 
the first, we shall have (Art. 13), 



"" dx' 



^ -* Jf 9 



hence, the equation of the tangent line is. 



* Bk. I. Art. aO. 
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If, in the equation of any curve, we find the value of 
^77, and substitute that value in Equation (1), the equa- 
tion will then denote the tangent to that curve. 

1. By differentiating the equation of the circle, 



^e l^ve, -^ = _ ;* 



dx" ~" y 



35" 



hence, y' ^ y^' ^ ^ (a; » a-") . 

or, by redudng, yy" + a»" = ^. 

2. By differentiating the equation of the ellipse, we 
have, 



3. By differentiating the equation of the parabola, we 
have, 

^' - Z. t 
dx" ■" y"' + 

4. By differentiating the equation of the hyperbola, we 
have, 

Substituting these values, in succession, in Equation (1), 
and reducing, we shall find the equation of the tangent 
line to each curve. 



* Bk. II. Art. §. \ Bk. III. Art. 14. % Bk. IV. Art. §. 



/ 
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44. The equation of the normal is the form, 

y-y" = a'(x - jb") . . . . (i.) 

But since the normal is perpendicalar to the tangent, at 
the point of contact, 



1 + aa' = 0, 



f — A<» 



or. 






a 



dy 



,//> 



hence, the equation of the normal is. 



rt 



y-y - 



^(«-«") . . . (2.) 



By differentiating the equation of the circle, the ellipse, 

the parabola, and the hyperbola, finding in each differ- 

dx" 
ential equation the value of — '^Ti'i substituting that 

value in Equation (2), and reducing, we shall find the 
equation of the normal line to each curve. 

Value of tangent, sub-tangent, nonnal, and sab-normaL 

45. Let P be any point of a 
curve; TP the tangent, TR the 
sub-tangent, PN the normal, and 
PN the sub-normal. 

Then, in the right-angled tri- 
angle TPR, 



PR =zTRx tBxiPTR =TRx 



dy^ 
dx' 




hence. 



PR dx 

TR = —=- = y— = Sub-tangent. 

dx 



* Bk. I. Art. 33. 
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46. The tangent TP is equal to the square root of 

the sum of the squares of TR and PJR\ hence, 
V 

7!P= y>yi+— = Tangent. 

47. Since- TPN is a right angle, RPN is the com- 
plement of TPR\ it is therefore equal to PTR^ jmd xjon- 

sequently its tangent is y^ ; hence, 

RN = V ^- = Sub-normal. 
^ dx 



4» 



» 

48. The normal PN is equal to the square root of 
the sum of the squares of PR and RN\ hence. 



Pi\r = 2/y/l + g = Normal. 

49. Apply these formulas to lines of the second order, 
of which the general equation is. 

Differentiating, we have, 

dy m + 2/za; m + 2nx 



^ 2y 2-/ma; + w{B2' 

substituting this value, we find, 

__ dx 2(mx + nx^) ^ , 

^■« = ^^ = -bpW = Sub-tangent. 



/7TD . A , <^* / ! . , Jmx + nx^Y 

* Bk. V. Art. 42. 
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BN = y-/ = ^ ^ '^ -_ Sub-normaL 
^ dx 2 



PN 



= y\/i + 



d^ 



-s/' 



tnx + nx^-\- j(m + 2na;)l 



By attributing proper values to m and n, the above 
formulas' will become applicable to each of the conic 
sections. In the case of the parabola, n = 0, and we 
have, 



TB = 235, 



TF = Vma + 4ic2, 



Mir := 



m 



2' 



pjsr 



W' 



mx + ~J^' 



Aflymptotet. 

50. An asymptote of a curve is a line which continually 
approaches the curve, and becomes tangent to it at an 
infinite distance from the origin of co-ordinates. 

Let AX and JLF be the 
co-ordinate axes, and 

y-y"= % (- - -"), 

the equation of any tangent 
line, as TP. 

If, in the equation of the tangent, we make, in succes- 
sion, y = 0, SB = 0, we shall find, 




x = ^7'=«"-y"|;;, 



y = AB = y"_a,"g 
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If the curve CPB has an asymptote JRE^ it is plain 
that the tangent PT will approach the asymptote RE^ 
when . the point of contact P, is moved along the curve 
from the origin of co-ordinates, and T and J) will also 
approach thf; points jB and Y^ and will coinjide with 
them when the co-ordinates of the point of tangency are 
mfinite. 

In order, therefore, to determine if a curve have asymp- 
totes, we substitute in the values oi AT and AD^ the 
co-ordinates of the point which is at an infinite distance 
from the origin of co-ordinates. If either of the dis- 
tances ATj AD^ becomes finite, the curre will have an 
asymptote. 

If both the values are finite, the asymptote will be 
inclined to both the co-ordinate axes; if one of the dis- 
tances becomes finite and the other infinite, the asymptote 
will be parallel to one of the co-ordinate axes; and if 
they both become 0, the asymptote will pass through the 
origin of co-ordinates. In the last case, we shall know 
but one point of the asymptote, but its direction may be 

determined by finding the value of -^, under the sup- 
position that the co-ordinates are infinite. 

51. Let us now examine the equation, 

of lines of the second order, and see if these lines have 
asymptotes. We find, 

AT = a; - ^ - 



m 4" 2nx m + 2naj' 
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AD = y - 



mx -f 2nx^ 

^y 



mx 



^'s/mx 4- wic^' 



which may be put under the forms, 



AT = 



— m 

— + 2/1 

X 



AD = 



m 






and making a; = oo, we have, 



^i? = - 



27l' 



and 



^JE' = 



m 



2v^' 




If now we make n = 0, 
the curve becomes a parabola, 
and both the limits, AB,^ AE^ 
become infinite ; hence, the 
parabola has no rectilinear 
asymptote. 

If we make n negative, the 
curve becomes an ellipse, and 

AE becomes imaginary; hence, the ellipse has no asymp- 
tote. 

But if we make n positive, the equation becomes that 

of the hyperbola, and both the values, AR^ AE^ become 

2J52 
finite. If we substitute for m its value, —^ , and for 

n its value —rr.t we shall have, 

A^ 



AM = -A, 



and 



AE = ± B. 



Hence, of the lines of the second order^ the hyperbola 
alone has asymptotes. 
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DiffBrential of an arc 

53. We have seen that, when the points which limit 
any arc of a cui've become consecutive, the chord, the 
arc, and tangent become equal d^t. 43); therefore, the 
differential of an arc is the hypothenuae of a right-angled 
triangle of which the base is dxj and the perpendicular 
dy. Hence, if we denote any arc, referred to rectangular 
co-ordinates, by 2, we have, 

dz = ^dx^ + dy'^ . . (1.) or, z = f y^da^ i- dy^ . . (2.) 

Rectification of a plane curve. 

53. The rectification of a curve is the operation of 
finding its length; and when its length can be exactly 

expressed in terms of a linear unit, the curve is said to 

be rectifidble. To rectify a curve, given by its equation: 

Differentiate the equation of the curve and find the 

value of dy^ in terms of x and dx/ or of dx^ in 
terms of y and dy^ and substitute the value so found 

in the differential Equation (2). The second memher 

will then contain but one variable and its differential/ 

the integral will express the length of the arc in terms 
of that variable. 

EXAMPLES. 

1. Find the length of the arc of a circle in terms of 

the radius. The equation of a circle whose radius is 1, 

referred to rectangular axes, when the origin is at the 

centre, is, 

aj2 4- y^ = 1. 
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Denoting the arc by a, we have, 



dz 



= -/dfe^ + dy\ or, z = f^dx^ + dy\ 



From the equation of the circle, we have, 



Qcdx + ydy = ; hence, 



x^dx^ 



dt = Y_ ^ , 



Z 



r /l x^dx^ r dx n -i 



Developing the binomial fe,ctor into a series, by the 
binomial formula,* multiplying by dx^ and integrating, we 
have (Art. 42), 

(l-a-) 'dx = x + - + 2X5 + 2X6:7 + *" + ^- 

If we suppose the origin of the 
integral to be at ^ the correspond- 
ing value of X will b^ zero, and 
(7=0. If now we integrate between 
the limits « = 0, and a = ^, we 
shall obtain the value of the cor- 
responding arc in terms of the radius 1. 

But aj, or Pilf, is the sine of the arc UFy denoted 
by z; and when a? = i, 2 = 30° ; hence. 




* Bourdon, Art. 13 5. University, Art. 104. 
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hence, 

o^o ^ «/l . l-l-l . 1-3.1.1 . 1.3.6.1.1 , . \ 
.= 300X6 = 6(- + 2:^3 + 2^.5:2^ + 2:4X7-2-' + *^> 

and by taking the first ten terms of the series, we find, 

AT = 3.1416926. . . , 

a result true to the last decimal figure, which should be 
5. We have thus found the semi-circumference of a circle 
whose radius is 1, or the circumference of a circle whose 
diameter is 1. 

2. Find the length of the arc of a parabola, whose 

equation is, «. 

y^ = 2/xc. 

Differentiating and dividing by 2, we have, 

ydy = 'pdx^ 



and consequently. 



Jr 



substituting this value in the differential of the arc, we 
have, 

dz = ^dy^ + ^^dy^ 



developing the radical quantity by the binomial formula, 
and integrating the terms separately, we have, 

/ 11 y3 1111 y5 11. 3111 y' p\.^ 
V^^ Zf' 2 2 2 6j»* ^2 2 2 2 3 7^6 occ.ji-o. 
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If we estimate the arc from the principal vertex, z and y 
will be zero together, and C will be zero. If we make 
y z= p^ z will denote the length of the arc from the vertex 
to the extremity of the ordinate passing through the focus. 



QUADRATURES. 

54 • Quadrature is the operation of finding the area 
or measure of a surface. When this measure can be found 
in exact terms of the unit of measure, the surface is said 
to be quadrdble. 

Quadrature of plane figures. 

55. A plane figure is a portion of a plane, bounded by 
lines, either straight or curved. 

Let be the origin of a sys- 
tem of rectangular co-ordinates, 
and oacdeh any line whose equa- 
tion is of the form. 




y=A^) 



(1.) 



A a JD E JfJ 



If the ordinate Oo, denoted by y, move parallel to itself, 

along OB as a directrix, and so change its value as always 

to satisfy Equation ( 1 ), it \\dll generate the plane surface 

oacdehBO^ and its upper extremity will generate the line 

oacdeh. The element^ or differential of this' surface will be 

any one of the trapezoids, as CcdD, when the ordinates 

Cc and Dd are consecutive. If we denote the surface on 

the left of the ordinate Cc, by 5, ds will denote the area 

of the trapezoid. This trapezoid is composed of the rect- 

angle Cd\ and the triangle cd'd\ that is, 

, dydx 
ds = ydx 4- — ,r~ * 
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But since the product ydx is an infinitely small quantity 

of the first order, and dydx an infinitely small quantity of 

the second order, the latter may be omitted without error 

(Art. 20) ; hence, 

/ ds = ydx\ that is, 

The differential of a plane surface is equal to the or- 
dinate into the differential of the abscissa. 

To apply the principle enunciated in the last equation, 
in finding the measure of any particular plane surface : 

Mnd the value of y in terms of a, from the equation 
of the hounding line; substitute this value in the differ- 
ential eqication^ and then integrate between the required 
limits of X, 

ITature of the IntegraL 

fl^6. To comprehend the true nature of an integral, we 
must examine the differential from which it was derived. 
The differential of a plane surface is, 

ds = ydx. 

If we integrate between the limits a; = 0, and x = 0J3 = a, 
we write. 



ids = f ydx = Ooacdeb^i 



that is, the first member of the equation denotes the sum 
of all the infinitely small rectangles between the limits 
05 = 0, and x = a; the second member, 



fydx, 



is the same thing under another form ; viz. : it shows that 
18 
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every value of y, between the limits y = Oo, and y = Bb^ 
is multiplied, in succession, into each base denoted by 
d/x,\ the sum of these products, each of which is ydst^ is 
obviously the required area. 

1. Perhaps the relation between the differential and the 
integral, may be more obvious, by observing the figure, 
in which the area is divided into five parts, having equal 
bases. If we bisect each base and draw parallel ordinates, 
we shall have ten parts; if we bisect again and draw 
parallel ordinates, we shall have twenty parts; if again, 
forty; and so on. 

Now, there is no difloiculty in seeing that each bisection 
doubles the number of parts, and diminishes the value of 
each part ; and that the sum of the pai;ts will be constantly 
equal to the given area. When, therefore, each part be- 
comes infinitely smaU^ any finite number of them is 0; 
but an infinite number is equal to a finite quantity, viz.: 
to the given area. 

Area of a rectangle. 



T 







A X 



^ 5'y. Let be the origin of a 
system of rectangular co-ordinates. 
On the axis of T] take any dis- 
tance OJS equal to A. Suppose 
the line h to move parallel to 
itself, along the axis of -Z^ as a directrix^ until it reaches 
the position AC, During its motion, it will generate the 
rectangle 0(7; the foot of the line will pass over every 
point in the line OA, and the line itself will occupy every 
part of the rectangle 0. 
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Since the equation of the line 3C \Sj 

y = *j 
we shall have, for the differential of the surface, 

ds = hdx. 

Integrating between the limits a; = 0, and x = b^ and 
observing that (7=0, when a? = 0, we have, 

h 

ids = I hdx = bx =1 bh; that is, 



The area of a rectangle is equal to the product of its 
hose by its altitude. 

Area of a triangle. 

58« Let ABC be a right-angled 
triangle, and G the origin of co- 
ordinates. Denote the base AB by 
ft, and the altitude CB by h. De- 
note any line parallel to the base by 
y, and the corresponding altitude 
by X, 

K we suppose the base AB to be moved towards the 
vertex of the triangle, along CB as a directrix, and so to 
change its value, that. 




b I h i: y : 7^ 



bx 
or, y = -j. 



it is plain that it will generate the surface of the triangle. 
If we denote the surface by 5, we have, 



ds = ydx\ 
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substitnting for y its value, and integrating betwe«i the 
limits a; = O9 and a; = A, we haye, 

h 

/• -r * /• T ^^ *^ 

J hJ A 2 2 ' 



that is, The area of a triangle is egital to half the 
product of the ha^e by the altitude. 



Area of the parabolic 

^9,^ Find the area of any portion of the common para- 
bola whose equation is, 

y» = 2px\ whence, y = ^^/2px. 

This value of y being substituted in the difiTerential cqn» 
tion (Art. 55)> gives (Art, 36), 

or, « = -^^-~ = -ay + C 

If we estimate the area from the principal vertex, where 
05 = 0, and y = 0, we have, (7=0, and denotbg 
the particular integral by 9\ we shall have, 

«' = -a^; that is, 

2%6 area of any portion of the parabola^ estimated 

from the vertex^ is equal to - of the rectangle of the 

abscissa and ordinate of the extreme point. The curve 
iSj therefore^ quadrablbl 
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1. If it is required to find the area of the parabola from 
the vertex to the double ordinate through the focus, we 
have, for this limit, x = ^p, y = /?. 
Denoting this integral by «", we have, 

ip 
J da = «" = •^^ 



I 

I 



which denotes the area bounded by the curve, the axis, 
and the ordinate; hence, if we double it, we shall have 
the required area; or, 

25" = |p^= l/>^= WpY\ 
That is. The area is equal to one-sixth of the square 
described on the parameter of the axis, 

2. If the area be estimated &om the ordinate through 
the focus, where, x = ^p, and y = jt>, we shall have, 

ip 
fds = lipxp ^ ip^+G, 



and since the integral is zero at its origin, we have, 



+ (7 = 0, or, (7 = - ip\ 

Hence, the particular integral, between the limits of a = ^ 
and any value of x is. 







/2 1 

ds = ^xy- -i>». 

Area of the oirde. 

60. The equation of the circle referred to its centre 
and rectangular axes is, 

y2 _- ^2 _ /J.2 . Qr^ y _- y^— a.2 . 
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hence, the differential equation of the area (Art n) i8| 

da = (-/r» - aj»)cfo . . < . (1.) 

in which the origin of the area is at the secondary dia- 
meter, where x = 0. 
From Formula SB^ page 187, we hare, 

But, by Formula (13), Art. 99, we have, 

vhence, by Bubstitution, we hare, 

« = ij!(r* - a?)* + Jr* sin"' - + C . . (2.) 

Estimating the area from the secondary diameter, where 
aj = 0, we have, (7=0. 

If we integrate between the limits of a? = 0, and 
« = r, we shall have one quarter of the area of the 
circle. When we make a; = 0, in Equation . ( 2 ), the 
first term in the second member becomes ; and in the 

second term, - becomes 1, and the arc whose ane is 1, 

T 

is 90°, which is denoted by ~, to the radius 1 ; hence, 

/d8 = -r^ sin-^l = -r* x -; or, 
2 2 2'' 

Area of the circle = 4(-r2 x -) = r**'. 
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Area of the ellipee. 

61. The equation of the ellipse, referred to its centre 
and axes is, 

^ V + -S^sB^ = A^B^ ; hence, 

and the differential equation of the area is, 

da = ^{A^ - a;2)*efe. 

The second member of this equation differs from the 
second member of Equation ( 1 ), of the last Article, only 

in the constant coefficient -r , and the constant A^ for 

A 

r^, within the parenthesis; hence, the integral of that 
expression becomes the integral of this, by multiplying it 

JO 

by -J , and changing r into A ; that is, 

» 

fds = ^(Ia^ X I) = ^; hence, 

Area of ellipse = — ; — = A,£.^; that is. 

The area of an ellipse is equal to the product of its 
semi-aoies mtdtiplied by *, 

■ 

1. Let Q denote the area of a circle described on 
the transverse axis, and §' the area of a circle described 
on the conjugate axis; then, 

^V = §, and JB^* = Q' ; hence. 
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A^B^ne'^ = QQ\ and ABnt = \/Q1< Q'; that is, 

77ie area of an ellipse is a mean proportional bettoeen 
the two circles described on its axes. 
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QUADRATUKE OF SUEFACBS OF REVOLUTION. 

62. Let oacdeb be a plane 
curve, OJB the axis of abscis- 
sas, and Ooj Aa, Cc^ &c., con- 
secutive ordinates; then, oa^ ac^ 
cdj &c., will be elementary arcs. 
The surface described by either 
of these arcs, while the curve 
revolves around the axis Oj5, will be an element of the 
surface. We have seen, that when the ordinates are con- 
secutive, the chord, the arc, and the tangent, are equal 
(Art. 43) ; hence, the surface described by any arc, as 
«o, is equal to that described by the chord; that is, 
equal to the surface of the frustum of a cone, the radii 
of whose bases are Aa = y, Cc = y + dy^ and of which 
the slant height ac = Vcfo;^ _^ ^yi^ Hence, if we denote 
the surface by «, we have,* 



ds = flr(2y + 2y + 2c?y) X ^-y/cfoj^ + ^y2. 
or, omitting ^dy (Art. 20), 



ds = ^i^y-^dx^ 4- dy"^] that is, 

The differential of a surface of revolution is equal to 
the circumference of a circle perpendicular to the axis, into 
the differential of the arc of the meridian curve. 



* Leg., Bk. VIIL P. 4. 



gHCm.] SUBFAOBS OP BKVOLUTIOK. 77 

Therefore, to find the measure of any surface of revo- 
lution : 

Find the values of y and dy, from the equation 
of tfie meridian curve, in terms of x and dx; then 
fubstitute these values in the differential equation, and 
integrate between ths proper limits of x. 




Suxfaoe of a oylindsr. 

63. If the rectangle AC he 
revolved around the side A£, 
DC will generate the surface of 
a cylinder. 

Since the generatrix is parallel 
to the axis AB, its equation will 
be, 

y =z b, and hence, dy = 0, 

Substituting these values in the differential equation of 
the sur&«ce, we have, 

fds = jltiy'y/da?' + dy'^ = J2tbdx = 2<Kbx -f C. 

If we suppose A to be the origin of co-ordinates, 

C = 0, and integrating between the limits aj = and 
35 = A, we have, 

s = 2bn(h\ 

that is, 77ie measure of the surface of a cylinder is equal 
to the circumference of its base into the altitude. 
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Soxfiioe of the ooneb 

64. If the right-aDgled triangle 
CBA be reyolved around the axis 
-4(7, CB will generate the convex 
surface of a cone. 

If we suppose C to be the origin 
of co-ordinates, the equation of JSG 
will be, 

y = aXy and di/ = adx. 

Substituting these values in the differential equation of 
the surface, we have, 

J da = J2irax^dx^ 4- a^da^ = J2iraxdx^l -f a* + Oy 

(Art. 35) = «'aaj2y^+ a^ + C. 

Estimating the surface from the vertex, where a; = 0, 
we have, (7=0, and 

If we make x = h = AC^ and BA z=z J, we have, 
a = j; , and consequently. 






^(7 



that is, Hie convex surface of a cone is equal to the 
circumference of the base into half t/ie slant height. 



r 
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Saxfftce of the ■pheie. 

65. To find the surface of a sphere. The equation 
of the meridian curve, referred to the centre, is, 

By differentiating, we have, 

xdx + ydy = ; 



hence, 



, xdx - , , x^da? 

dy — , and dy^ = -— r- 

y y* 



Substituting for dy'^ its value, in the differential of the 
surface, which is, 

dB = ^icy^y/da^ + dy\ 
we have, 

jda — Jl'KyUdy?' + ^t&j^ = j2neBdx = ^tcBx + C. 

if 

If we estimate the surface from the plane passing through 
the centre, and perpendicular to the axis of JT, we shall 
have, 

« = 0, for X =z 0, and consequently, (7=0. 

To find the entire surface of the sphere, we must inte- 
grate between the limits a? = + i?, and aj = — jB, 
and then take the sum of the integrals, without reference 
to their algebraic signs; for, these signs only indicate the 
position of the parts of the surface with respect to the 
plane passing through the centre. 

Integrating between the limits, 

a; = 0, and x =^ + JR^ 
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we find, 8 = 2*-B2; 

and integrating between the limits a = 0, and as = — i2, 
there results, 

8 = — 2iriJ2; 
hence, 

Surface = 4^222 -_ 2*B X 2iJ; 

that is, JSgrual to four great circles^ or equal to the 
curved surface of the circumscribing cylinder, 

1. The two eqnal integrals, 

8 = 2iri22^ and < = — 2iri^, 

indicate that the surface is divided into two equal parts 
by the plane passing through the centre. 

SnxfAoe of the paraboloid. 

66. To find the surface of the paraboloid of revolution. 
Take the equation of the meridian curve, 

which being differentiated, gives, 

c&=2^, and ei^=?^^ 
P P" 

Substituting this value of c^ in the difierential of the 
surface, we have, 
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But we have found (Art. 41), 

/Qi]*' Oat' S 

hence, 

Ow 3 

« = |^(y' +!>')'+ o. 

If we estimate the surface from the vertex, at which 
point y = 0, we shall have, 

= '-f+C, whence, C7 = - ?f ; 

and integrating between the limits, 

y = 0, and y = i, 



we have, 



, = g[(j» + 1>*)^ - i>3]. 



Suifaoe of the ellipsoid. 

67. To find the surface of an ellipsoid described by 
revolving an ellipse about the transverse axis. 

The equation of the meridian curve is, 
whence, 
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substituting the square of dy in the differential of the 
surface, and for y its value, 



we have, 



^V3^::r^, 



cfo = 2ir— dxyflT^^A^ - ^2)3.2 . (1.) 



hence, fd^ = S^^^^' ~ ^f^s f^ls^ " ^^ 



B J 

Put, 2<-j^y J[2 _ J52 _ j)^ a constant quantity; 



and -J- =- = J?2, also a constant, 

and we have. 

With C, the centre of the 
meridian curve, and the radius y-"^' 

7?, describe a semi-circle. Then, 

j dxy/B?- — x\ is a circular 

segment of which the abscissa 
is x^ and radius H. 

If, then, we estimate the surface of the ellipsoid from 
the plane passing through the centre, and estimate the 
area of the circular segment from the same plane, any 
portion of the surface of the ellipsoid will be equal to 
the corresponding portion of the circle, multiplied by the 
constant D. Hence, if we integrate the expression. 



K A C B V 
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between the limits x = 0, and x =z A^ we shall have 
the area of the segment CGFB^ which denote by 2>'. 
Hence, 

\ surface ellipsoid = 2> X 2>' ; and 

Surface = 22> x I)'. 

1. If we make ^ = ^, in Equation (1), the ellipsoid 
becomes a sphere, and we have, 

8 = J 2'KEdx = 2icEx + C. 

If we estimate the surface from the plane passing through 
the centre, C = 0, and integrate between the limits 
a; = 0, and x = B^ we have, 

^ surface of sphere = 2*72^ ; hence, 
Surface = 4flfjR*. 



CUBATUKE OF VOLUMES OF REVOLUTION. 

6§. CuBATORB is the operation of finding the measure 
of a volume. When this measure can be found in exact 
terms of the measuiing cube, the volume is said to be 
cuhahle, 

69« A volume of revolution is a volume generated by 
the revolution of a plane figure about a fixed line, called 
the axis. 

If the plane figure OoacdebB^ be revolved about the 
axis of -Z^ it will generate a volume of revolution. 



Si 
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A a D E BX 



Let us suppose the ordinates Aa^ Cc^ Dd^ Ac, to be 
consecutive. During the revo- 
lution, any element of the sur- 
fece, as, Aa/cC^ will generate 
the frustum of a cone, of which 
the radii of the bases are 
Aa = y, Cc •=. y -\- dy^ and 
the altitude, AC =. dx. This 
frustum will be an element of ^ the volume, and will have 
for its measure,* 

|l>' + (y + dyY + y{y + dy)'\d3i. 

If we denote the volume by Fi develop the terms 
within the parenthesis, multiply by dx^ and . then reject 
all the terms containing the infinitely small quantities of 
the second order (Art. 20), we shall have, 

dV = ity^dx. 

The area of a circle described by any ordinate y, is 
•jry^l . hence, The differential of a volume of revolution is 
equal to the area of a circle perpendicular to the aaeis into 
the differential of the axis. 

The differential of a volume generated by the revolution 
of a plane figure about the axis of I^ is i^x^dy. 

70. To find the value of V for any given volume : 

Ihid the value of y'^ in terms of aj, from the equation 
of the meridian curve; substitute this value in the differ- 
ential equation^ and then integrate hetxoeen the required 
limits of X. 



* Leg., Bk. VIII. P. 6. 



f Leg., Bk. V. Prop. U. 
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BXAMPLES. 



1. Find the volume of a right cylinder with a circular 
base, whose altitude is h and the radius of whose base is r. 

We have for the differential of the volume, 

dV = iry^dx; 
and ance y z=: r^ we have, 



dV = /*irr2<&; 



integrating between the limits a; =: 0, and x == h^ 
h 
fdV — V^ *Kr^ = *f(T^h% that is, 



Tht measure of the volume of a cylinder is equal to 
the area of its base multiplied by the altitude,* 

2. Find the volume of a right cone with a circular base, 
whose altitude is A, and the radius of the base, r. 

If we suppose the vertex of the cone to be at the origin 
of co-ordinates, and the axis to coincide with the axis of 
abscissas, we shall have, 

y =^ ax, or, y = ^«, and y^ _. ^j^. 
substituting this value of y^, we have, 

2, 



f^^=f*h^'^ 



19 • I-«-^ B,. Via P«.p, ^ 
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Integrating between the values a; = 0, and a; = A, 



h 



fdv= r= ^~| = ^^ X §; that ^ 



The measure of the volume of a cone is eqtuxl to the 
area 6f the hose into one-third of the altitude.* 

B. To find the volume of a prolate spheroid, f 
The equation of the meridian curve is, 

^ V + ^a.2 - j2^ . hence, y^ = ^{^^ t «*)• 
and dV = ir-j^{A^ — jc2)<fe; hence, 



V = '^(^. - ?) + a. 



_, 1!J2 



If we estimate the volume from the plane passing 
through the centre, we have, for aj = 0, V = 0, and 

consequently, (7=0; and taking the integral between 
the limits aj = 0, and as = -4, we have, 

A 

JdV = ^«'JB' X A ; 



which is half the volume; consequently, the entire volume, 

2 F = %(B^ X 2 A 

o 
* Legendre, Bk. VII. Prop. 6. f ^^' VI. Art. 37. 
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But, flT^ expresses the area of a circle described on the 
conjugate axis, and 2 A is the transverse axis; hence, 

The volume of a prolate spheroid is equal to two-thirds 
of the circumscribing cylinder. 

1. If an ellipse be revolved around the conjugate axis, 
it will describe an oblate spheroid, and we shall have, 

dV= /'"'a^cfy; 

fluhfltituting for x\ and integrating, we have, 

2F= ^irA^ X 2i?; 

that is, two-thirds of the circumscribing cylinder. 

2. If we compare the two results together, we find, 

oblate spheroid : prolate spheroid : : A : JB, 
8. If we make A z= JBy the ellipsoid becomes a sphere 

• 

whose diameter is the transverse axis. Then, 

2F= ^rl^ X J) = J*ri>3; 
that is, JEJqiuil to tioo-thirds of the circumscribing cylinder, 

ft 

or to one-sixth of ic into the cube of the diameter. 

4. Find the volume of a paraboloid. The equation of 
the meridian cuive is, 

y2 = 1px\ hence, 
^F" = ^irpxdx^ and V= ^poe^. 

If we estimate the volume from the vertex, (7=0. If we 
integrate between the limits a; = 0, and a; = ^, and de- 
signate by ^, the ordinate corresponding to the abscissa 
X = A, we have, 
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F= *Kph?z=i r^2 X -; that is, 
equal to half the cylinder having the same base and altitude. 

Priam and Pyramid. 

1. Let ABC BE be any polygon, and FH a line per- 
pendicular to the plane of the base. If -, 
the polygon move along the line FH^ 
parallel to itself, it will generate a prism. 
If we denote the volume by F", the area of 
the base by d, and the indefinite line HF ""^ 

by aj, we shall have, 

dV^ hdx. 

and, integrating between the limits a; =; 0, and x = kj 
h 

JdV=fhdx =:hxx=zbxh. 



2. If we suppose the base so to vary, as it moves along 
the line i^ as to bear a constant ratio to the square of 
its distance from the point F, it will generate the volume 
of a pyramid, of which F is the vertex and AJB CDF the 
base.* If we denote the variable generatrix, at any point, 
by y, and its distance from the vertex by jc, we have, 

dV = ydx. 

But, 5 : y : : A^ : a;2 . hence, y = r^ X as^ ; 

therefore, dV= rr X x^dxi 

and integrating between the limits « = 0, and a? = A, we have, 

^ A^y A2 3 3 



* Legendre, Bk. VII. P. 3, Cor. 



SECTION IV. 

SUCCESSIVE DIFFERENTIALS — SIGNS OF DIFFERENTIAL (X)- 
EFFICIENTS — FORMULAS OF DEVELOPMENT. 

SnooeMiTd DiffBxvntlali. 

71. If t^ denotes any function, and x the independent 
variable, we have seen that the differential coefficient P, 
is, in general, a function of x (Art. 38). It may there- 
fore be differentiated, and a new differential coefficient 
will thus be obtained, which is called the second differ- 
erUial coefficient 

73. In passing from the function u to the first differ- 
ential coefficient, the exponent of a; is diminished by 1, in 
every term where x enters (Art. 30); hence, the relation 
between the primitive function u and the variable cc, is 
different from that which exists between the first differen- 
tial coefficient and x. Hence, the same change in x^ 
will occasion different degrees of change in the pHmitive 
function and in the first differential coejfficient. 

The second differential coefficient will, in general, be a 
function of as, exhibiting a still different relation; hence, 
a new differential coefficient may be formed from it, 
which may also be a function of x; and so on, for suc- 
ceeding differential coefficients. 
89 



« 
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If we defflgnate the successive differential coefficients hj 

we shall have, 

du dp do ^ * 

^=-P' ^ = *' ^ = r. *c.; and 

du = pdXf dp = qdXy dq = rdx. 
Bat the differential of p may be obtained by differ- 

uU 

entiating its yalue -=- , regarding the denominator dx as 
constant; we therefore have, 

iS) = ^^^ ^^'^ S = *^' 

BubstitutiDg for dp its value, and dividing by dx^ 

dhi 



dx" 



= 3'- 



The notation, d^u^ indicates that the function u has been 
differentiated twice ; it is read, second differential of u. 
The denominator dx\ denotes the square of the differ- 
ential of Xy and not the differential of aj^. It is read: 
differential of Xj squared. 

If we differentiate the value of q^ we have, 
^/d^u\ ^ dht J, 

^\^) = ^^ '''•' ^ = *> 

d^u 

hence, ^ ~ ^' *^» 
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and in the same manner we may find, 

^* "" *• 

The third differential coefficient, -3-5, is read: third 

differential of Uj divided \>j dx cubed; and the differ- 
ential coefficients which succeed it are read in a similar 
manner. 

Hence, the successive differential coefficients are, 
du dhc d^u d^u . 

froni which we see, that each differential coefficient is 
derived from the one that immediately precedes it, in the 
same way as the first is derived from the primitive func- 
tion. 

The differentials of the diffijrent orders are obtained by 
multiplying the differential coefficients by the correspond- 
ing powers of cfoj; thus, 

du 

e^B = 1st differential of u^ 



dx 
dhc 



dx^ = 2d differential of w, 



d^u 

-^— dx* = nth differential of «• 
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1. Find the differential coefficients in the fonctioni 

u = aa?, 

^ = 6a = r. 

2. Find the differential coefficients in the fiinction, 

The first differential coefficient is, 



-=- = woo*""*. 

Since n, a, and dSz^ are constants, we have for the 
second differential coefficient, 

and for the third, 

cPtc 

= n{n — 1) (w — 2)flKC*-'; 



C&3 

and for the fourth, 



ofc* 



= n(n — 1) (n — 2) (n — 3)aaj*-*. 
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It is plain, that when n is a positive integral number, 

the fimction 

u = ax*f 

will have n differential coeflScients. For, when n difTer- 
entiations have been made, the exponent of x in the 
second member will be ; hence, the nth differential co- 
efficient will be a constant, and the succeeding ones will 
be 0. Thus, 

^ = n(w - 1) (w - 2) (n - 8) a. 1, 

, <?» + % 



Sign of the fint difierentlal ooeffioient. 
72. If we have a curve whose equation is, 

and give to x any increment A, we have (Art. 18), 

y' -y _ f{x + h) -f(x) 

and passing to the consecutive values, 

dy 

—• = tan a. 

CMS 

If we so place the origin of co-ordinates that the curve 
shall lie within the first angle, h will be positive, and 
y' — y will be positive at all points where the curve 



94 
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recedes fiom the axis of X^ and negative where it ap- 
proaches the axis; and this is true for consecaliTe as well 
as for other values. Hence, the curve toiU recede from the 
axis of X when the first differential coefficient is positive^ 
and approach the axis when that coefficient is negative. 

x 

The general proposition for all the angles and eveiy 
possible relation of y and Xy is this: 

77ie curve will recede from the cads of X when the 
ordinate and first differential coefficient have t?ie same 
sign^ and approach it when they have different signs. 



1. To determine whether a 
given curve, as ABC^ recedes 
from, or approaches to the axis 
of X^ at any point, as Ci 
Find, from the equation of the 
curve, the first differential co- 
efficient, and see whether it is 
positive or negative. 




2. If the tangent becomes parallel to the axis of X 
at any point, as B^ 



dy 
dx 



r= tan a = ; hence, a = 0. 



If the tangent becomes perpendicular to the axis of X, 
at any point, as A 

-^ = tan a = 00 ; hence, a = 90°. 
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Sign of the leooxid dififerential coefficient. 

73. A curve is cohvex towards the axis of abscissas 
when it lies between the chord and the axis; and con- 
eave, when the chord lies between the curve and the axis. 

1. 





Figures (1) and (2) denote two curves, the one con- 
vex and the other concave towards the axis of X. 

Let PM be any ordinate of either curve, PM' an 
ordinate consecutive with it, and F"M'* an ordinate con- 
secutive with F*M\ 

If we designate the ordinate PM by y, P* Q* will be 
denoted by dy (Art. ai), and we shall have, 

PW =z y + dy, 

and since P"Jf" is consecutive with PM\ 

r'M^' = y+ dy + d{y + dy) 
= y + 2dy + d^y. 



Since, MM' = M'M" = dx, QM' = 
hence, QM' = 1/ -^ ^ ^ ^dy -^ d^y ^ 



MP + P''M 



rr 



y + ^y 4- 



d^y 



and 



QM'- PM' = QP 



d^y 



96 
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In the case of convexity^ 
d^y is positive. 



QM' > P'M\ and then, 



1. 





In the case of concavity^ QM' < P'M'y and then, 
d^y is negative ; and since dx^ is always positive, the 
second differential coefficient will have the same sign as 
the second differential, of y. 

If we take the case in which the ordinates are nega- 
tive, the second differential coefficient will still have the 
same sign as the ordinate, when the curve is convex, 
and a different sign when it is concave. Hence, 

The second differential coefficient will have tlie same 
sign as the ordinate when the curve is convex towards 
the axis of abscissas^ and a contrary sign when it is 
concave. 

1. The second differential of y is derived from dy in 
the same way that dy is derived from y (Art. 7a) ; viz.: 
by producing the chord PP', and finding the difference of 
the consecutive values of jP"§" and SQ'\ which is P"8, 

The co-ordinates x and y determine a single point of 
the curve, as P ; these, in connection with dx and <?y, 
determine a second point, P', consecutive with the first; 
and these two sets of values, in connection with the sec- 
ond differential of y, determine a third point, P", con- 
secutive with P. 
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Hence, the co-ordinates x and y, and the first and second 
differential coefficients, always determine three consecutive 
points of a curve. 

2. When the curve is convex towards the axis of 
abscissas, the tangent of the angle which the tangent line 
makes with the axis of JC^ is an increasing function of 
a ; hence, its differential coefficient, that is, the second 
differential of the function, ought to be, as we have found 
it, positive (Art. 19). 

When the curve is concave, the first differential coeffi- 
cient is a decreasing function of the abscissas; hence, the 
second differential coefficient should be negative (Art. 19)« 

Applications. 

74. The equation of the circle, referred to its centre 
and rectangular axes, is, 

a;2+y^ = i2^ hence, ^ = - ?. 
Placing = 0, we have, aj = 0. 

if 

Substituting this value of x in the equation of the circle, 
we have, 

hence, the tangent is parallel to the axis of abscissas at 
the two points where the axis of ordinates intersects the 
circumference. 

If we make, -^ = = <» « we have, y = ; 

ax y J ^ » 

substituting this value in the equation of the circle, 

X ^ -^ Ii\ hence. 
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the tangent is perpendicular to the axis of absdssas at 
the points where the ajds intersects the circumference. 

1. For the second differential coefficient, we find, 

which will be negative when y is positive, and positive 
when y is negative. Hence, the circumference of the 
circle is concave towards the axis of abscissas. 

2. If we apply the same process to the equation of 
the ellipse, of the parabola, and of the hyperbola, we 
shall find that the tangents, at the principal vertices, are 
parallel to the axes of ordinates ; that the second differ- 
ential coefficient and ordinate, in all the cases, except that 
of the opposite hyperbolas, have contrary signs ; and hence, 
aU the curves, eoncept the conjugate hyperbolas, are concave 
towards the axis of abscissas. 

maclaurin's theorem. 

75. Maclaurin's Theobem explains the method of de- 
veloping into a series any function of a single variable. 
Let u denote any function of a^ as, for example, 

u = {a + »)"» (1.) 

It is required to develop this, or any other function of 
aj, into a series of the form, 

u = A -h JSx + Cx^ + JDx^ + Ej^ + &c. . . (2.) 

in which A, B, (7, 2>, &c., are independent of x, and 
arbitrary functions of the constants which enter into the 
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second member of Equation ( 1 ). When these coeffi- 
cients are found, the form of the series will be known. 

Since the coefficients, -4, J?, C, Ac, are, by hypothesis, 
independent of sb, each will have - the same value for 
aj = 0, as for any other value of x; hence, it is only 
necessary to determine them for 05 = 0. 

If we make a; = 0, in Equation (2), all the terms 
in the second member, after the first, will become zero, 
and the second member will reduce to -4, which is what 
the ftmction u becomes in Equation ( 1 ), when as = 
That value is thus indicated: 

If we find the successive differential coefficients of fi% 
firom Equation (2), we shall have, 

^ = JB + 2Cx + ZDx' + 4JKb3 + &c. 
ax 

^^ =: 2C + 2.SDX + 8.4jSb2 + Ac. 

^ = 2.32) + 2.3.4aj + Ac. 
Ac, Ac ; 

whence, A = (w)fl,-o 



B 






■" 1.2\d&c2/fl,-o 

2> = X-ri] &0'i Ac-; 

1.2.3\cfoj3/fl,.o 



100 PIFFEBENTIAL CALCULUS, [SSC. IV. 

hence, 

which IS Maclaurin's Formula. In applying the formula, 
we omit the expressions a; = 0, although the coefficients 
are always found under this hypothesis, 

EXAMPLES. 

1. Develop (a + a;)"*, by Maclaurin's Formula, 

A = a% 



JB = I ~ j = m{a + fic)"-^ = ma"»-\ 

^ = 21^) = 1:2— ^^ + ^)"-'' = 1:2-'^ ' 

1.2.3\cfoj3/ 12 3 ^ ' 

""1 2 3 ' 

&C., ifec, 4fec. 

Substituting these values in Equation ( 1 ), we have, 

(a + 35)* = a"» + ma"»-"iaj + --■- — -a*»-*a^ 

, m (m — 1) (m — 2) , , . « 
+ Y^ — ^ — -^ ^^ ^a'^-^x^ + Ac; 

the same result as found by the Binomial Formula. 
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2. If the function is of the form, 

u = -4- = (a + »)-' = a'4l + -Y^' 
a -^ 35 ^ ' \ a/ 

we find, 



a' 



\ckc/q,_o (a + 35)2 a^ 



— 


1 


X 


- 2(a 


+ 


x)-^ 


= 


1 








2 






■ 03' 


— 


1 


X 


- 2 X 




3{a 


+ 


«)-* 



C7 = V^^ 

2\c?ic2;a,.o 

2.3Wa;V«-o 2,3 a*' 

&c., &c., i&G. 

Substituting these values in Maclaurin's Formula, 
■» 1 X , x^ ic^ , a* »" . « 

/» /»* /»«» /Tf* /TW /»0 



a -\- X a cr or a* a* a* 
3. Develop into a series, the function. 



u = ^/d:^ 4- 05* = a( 1 + ^) 



4. Develop into a series, the function, 

^ 4 / a* \ ' 

« = \f{^n ^f = a^^i _ -J . 

Note. yo. Maclaurin's Formula has been demonstrated 
under the supposition, that in Equation ( 2 ) the coef- 
ficients are independent of cc, and that the equation is 
20 
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true for every possible value that can be attributed to, 

X, J£, then, the function u becomes infinite, when a; = 0, 

the equation cannot be satisfied; neither can it be, if 

any one of the differential coefficients becomes infinite. 

Hence, any form of the function which produces either 

of these results, is excluded fi-om the formula of Mac- 

laurin. The iunctions, 

1 
u = log Xy u = cot Xy u =z ax^j 

are examples of such functions. In the first ca^, 
w = — 00 , when a; = ; * in the second, w = ® , 
when a; = 0; and in the third, j5, and the succeeding 
differential coefficients, become infinite, when x = 0. 



Taylor's theorem. 

77. Taylor's Theorem explains the method of develop- 
ing into a series any function of the sum or difference 
of two independent variables. 

7§. Since the sum or difference of two independent 
variables may always be denoted by a single letter, any 
function of the form, 

w' = y\a5 d= y), 

may be put under the form, 

u' = f{z)y by making g = a; ± y. 

If we suppose z to be the abscissa, and u' the or« 
dinate of a curve, and give to a; an increment A, z will 

* Bourdon, Art. 235. University, Art. 186. Legendre, Trig., Art. 22 
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become z + h. If we pass to consecutive values, dz = dXy 
and 



dz dx 



= tan a. (Art. 18.) 



If we suppose x to remain constant, and y to receive 
the increment A, z will again become « -f- A, and when 
we pass to consecutive values, 

du' du' 



dz dy 



= tan a. 



Hence, in any function of the sum or difference of two 
independent variables^ the partial differential coefficients 
are equal (Art. 33). 

Y9. As an example, take, 

w' = (« + y)". 

If we sfippose x to vary, the first partial differential 

coefficient is, 

du^ / . N 1 
— = n(a3 + y)«-i. 

If we suppose y to vary, it is, 

du' / . X , 

^ = n(a5 + y)«-i; 

and the same may be shown for the differential coef- 
ficients of the higher orders. 

80* If any function of the form, 

u' = f{x + y), 
be developed into a series, it is plain that the series 
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must have terms containing the variables x and y, and 
that the constants, which enter into the given function, 
must also enter into the development. 

Let us then assume, 

JXu') =zf{x + y)=zA + JSr+ Cy^ + I>y' + &c. (1.) 

in which the terms are arranged according to the ascend- 
ing powers of y, and in which A^ 3, (7, -Z>, Ac, are 
independent of y, but functions of aj, and arbitrary ftmo- 
tions of all the constants which enter the primitive func- 
tion. It is now required to find such values for the 
exponents a, J, c, &c., and for the coefficients -4, jB, (7, 
2>, Ac, as shall render the development true for all pos- 
sible values that may be attributed to x and y. 

In the first place, there can be no negative exponents. 
For, if any term were of the form. 



JSy-, 



it might be written, 



y 



a» 



and making y = 0, this term would become infinite, 
and we should have^ 

which is absurd, since the function of as, which is inde- 
peudent of y, does not necessarily become infinite when 
y = 0. 

The first term A^ of the development, is the value 
which the primitive function w' assumes when we make 
y = 0. 
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If we designate this value hj t/, we shall haye, 

f{x) = u. 

If we differentiate Equation ( 1 ), under the supposition 
that X varies, the paitial differential coefficient is, 

du' dA dJB dC , , dD . 

^=^ + ^2/- + -^y* + ^y^ + Ac. . (2.) 

aod if we differentiate, regarding y as a variable, the 
partial differential coefficient is, 

du' 

-^ = aJ?y-i + ^Cy»-i + c2>y*-i + &c . . (3.) 

But these differential coefficients are equal to each other 
(Art. 7§) ; hence, the second members of Equations ( 2 ) 
and ( 3 ) are equal. Since the coefficients are inde- 
pendent of y, and the equality exists whatever be the 
value of y, it follows that the corresponding terms in 
each series will contain like powers of y, and that the 
coeffidents of y in these terms will be equal.* Hence, 

a — 1=0, ft — 1=0, c — l=ft, Ac, 

and consequently, 

a = 1, .6 = 2, c = 3, Ac. 

Comparing the coefficients, we find, 

^■"dfe' ^""2(fo' ^~"3dfe' 

* Bourdon, Art 195* University, Art. 17§, 
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Since we hare made, 

f{x + y) = u\ and f{x) z= A =z Uj 
we shall hare, 



and consequently, 

, ' du , dht y* . dhi y^ . . 

^ dx^ ^ da? 1.2 ^ da? 1.2.3 ^ ^ 

which is the formula of Taylor. 

In thfe formula, u is what u' becomes, when y = 0; 

du - du* _ < d'^u , e?^' 

^r- , what -=— becomes when y = ; -5-r , what .- - 

becomes when y = 0; and similarly for the other coe^ 
ficients. 

1. Let it be required to develop 

w' = /[a? + y)", , 
by this formula. 

We find, 

du dhi , \ « • 

w = aj", -J- = w.a"-^ ^^ = n.(n — 1)Qc^~^ + &c»; 

hence, 

w' = (X + y)* = 35* 4- nsc^-^y -\ — ^ a^"^y^ 

1*2 
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MAXIMA AND MINIMA. 

81. A MAXIMUM value of a variable function is greater 
tlian the consecutive value which precedes, and the con- 
secutive value which follows it. 

A MINIMUM value of a variable function is less than 
the consecutive value which precedes, and the consecutive 
value which follows it. 

If we denote any variable function by w, and the mde- 
pendent variable by a?, every relation between u and x 
will be denoted by the co-ordinates of a curve whose 
equation ' is (Art. lo), 

u = f{x). 

Let w' denote the ' consecutive or- 
dinate which precedes t/, and w" the 
consecutive ordinate which follows it. 
Then, if t« is a maximum. 



w 



u 



u 



n 



U > w'. 



and 



w > w" ; 



the curve therefore ascends just before the ordinate reaches 
a maximum value, and descends immediately aftencards ; * 
hence, at the point of maximum, it is concave towards 
the axis of abscissas (Art. 73). 

Since the curve ascends just before the ordinate reaches 
the maximum value, the first differential coefficient will 
be positive ; and since it then descends^ the first differ- 
ential coefficient will be negative immediately after the 
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mayimnm value (Art. 79). Hence, at the point of 
maximum value of the ordinate, the first differential co- 
efficient will change its sign, and therefore passes through 0. 
Since the curve is concave towards the axis of abscissas, 
the .second differential coefficient is negative (Art. 7Z)', 
hence, the conditions of a maximum value of u are. 



du 
dx 



= 0, 



and 



^, negative. 



§2. Denoting the consecutive or- 
dinates, as before, by w', w, w", if 
t^ is a minimum. 



u < w'. 



and 



w < w" ; 



u 



u 



u 



tt 



the curve, therefore, descends just before the ordinate 
reaches a minimum, and ascends immsdiaterly afterwards; 
hence, at the point of minimum, it is convex towards 
the axis of abscissas. 

Since the curve descends just before the ordinate reaches 
the minimum value, the first differential coefficient will be 
negative; and since it then ascends^ the first differential 
coefficient will be positive immediately after the minimum 
value (Art. 79). Hence, at the point of m,ini7num vcUite 
of the ordinate, the first differential coefficient will change 
its sign, and therefore passes through 0. 

Since the curve is convex towards the axis of abscissas, 
the second differential coefficient is positive (Art. 78); 
hence, the conditions of a minimum value of w, are, 



du 



and 



d^u 

^, posiUve. 
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83. Hence, to find the maximum or minimum value 
of a function of a single variable: 

1. Find the first differential coefficient of the function^ 
place it eqiud to 0, and determi?ie the roots of the equation. 

2. Find the seco^id differential coefficie7it, a?id substi- 
tute each real root^ in succession^ for the variable in the 
second member of the eqttation ; each root which gives a 
negative result^ will correspond to a maxim^um value of the 
function, and each which gives a positive result will cor- 
respond to a minimum value. 




Point of injOection. 

84* A POINT OF INFLECTION is a point at which a curve 
changes its curvature with respect to the axis of ab- 
scissas. 

When a curve is concave towards 
the axis of abscissas, its second differ- 
ential coefficient is negative (Art. 72) ; 
when it is convex, tha second differ- 
ential coefficient is positive (Art. 7ft) : 
therefore, at the point where the 
curve changes its curvature, the 
second differential coefficient changes 
its sign, and consequently passes 
through zero. 

In the first figure, the second differential coefficient, 
at the point M, changes from negative to positive; in 
the second, from positive to negative. At the point Jf, 
in both figures, the first differential coefficient is equal 
to 0, and the tangent line separates the two branches 
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of the curve. When the second differential coefficient is 
0, the ordinate at the point has neither a maximum nor 
a minimum. 

There are three consecutive points of the curve which 
coincide with the tangent, at the point of inflection. This 
is shown by the equality of the co-ordinates of the point 
M (in the curve and tangent), and of the first and sec- 
ond differentials. 

EXAMPLES. 

1. To find the value of x which will render the fiinc- 

tion y a maximum or minimum in the equation of the 
circle, 

y» + «» = i?». 1^ = --; 

dx, y 

making, = 0, gives, x = 0. 

u 

The second differential coefficient is, 
dP^y x^ + y'^ 



dx^ y^ 



When, a; = 0, y = i?; 



cPy 1 

which being negative, y is a maximum. 

2. Find the values of x which render the function y 
a maximum or minimum in the equation, 

y = a —- bx -i- x^. Differentiating, 
^ - - b-^2x and ^ - 2 • 
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and making, -^ b + 2x = 0, 

b 

gives, ^ = 2' 

i 

Since the second differential coefficient is positive, this 

value of X will render y * minimum. The minimum 

value of y is found by substituting the value of a?, in 

I the primitive equation. It is, 

y = «- 4- 

! 

I 3. Find the value of x which will render the function 

I* u ^ maximum or minimum in the equation, 

I w = a* + b^x — c^. 

^ = 63 _ 2c^a^ hence, ^ = ^„ 

and g=_2c- 

hence, the function is a maximum, and the maTimum 
Talue is, 

4, Let us take the function, 

u = Sa^x^ — b^x 4- c*. 

du b^ 

We find, 3- = da'x'^ - b\ and aj = ± -- . 
^ dx .3a 

The second differential coefficient is. 



dx^ 



= ISa^aj. 



1 

i 
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Substituting the plus root of as, we have, 

which gives a minimiiTn, and substituting the negativo 
root, we have, 

which gives a maximum. 
The minimum value of the Amotion is, 

9a' 
and the maximum value, 

w = c* + -— • 
9a 

5. Find the values of x, which make u a maximum 
or minimum in the equation, 

tt = aj* — 5aj* + 6aj3 — 1. 



J ( a; =r 1, a maximum. 
( a; = 3, a minimum. 



6. Find the values of Xj which make u a maximum 
or minimum in the equation, 

u = aj^ — 9a52 + 16a; — 3. 

. ( a; = — 1, a maximum. 
Ans. < 

Kx = + 6, a minimum. 
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*I, Find the values of x, which make u a maximum 
or minimum in the equation, 

u = iB3 — 3a;2 + 3aj + 7. 

Ans. There is no such value of a, since the second differ- 
ential coefficient reduces to 0, for x = 1 ; hence, only 
one condition of a maximum or minimum is fulfilled.* 

S5. Notes, 1. In applying the preceding rules to 
practical examples, we first find an expression for the 
function which is to be made a maximum or minimum. 

2. If in such expression, a constant quantity is found 
as a factor^ it may be omitted in the operation; for the 
product will be a maximum or a minimum when the 
variable factor is a maximum or minimum. 

3. Any value of the independent variable which renders 
a function a maximum or a minimum, will render any 
power or root of that function, a maximum or minimum; 
hence, we may square both members of an equation to 
free it of radicals, before differentiating. 

8. To find the maximum rectangle which can be in- 
scribed in a given triangle. 

Let b denote the base of the triangle, h the altitude, 
y the base of the rectangle, and x its altitude. Then, 

w = jcy = the area of the rectangle. 
But, b : h : : y : h — X] 

bh ^ bx 



hence, y = 



h 



* We have limited the discussion to a single class of maxima and 
minima, viz.: that in which the first diflferential coefficient of the func* 
tion is 0, and the second negative or positive. 
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and congequentlj, 






and omitting the constant &ctor -r-, we may write, 

w' = Aaj — as? ; 

for, the value of ic, which makes t^' a maximiim, will make 
u a maximum (Art. §5) ; hence, 






= A — 2a!, 



or. 



2' 



therefore, the altitude of the rectangle is equal to half 
the altitude of the triangle ; and since, 






= -2, 



the area is a maximum (Art. §l). 

9. What is the altitude of a cylinder inscribed in a 
given cone, when the volume of the cylinder is a maxi- 
mum? 

Suppose the cylinder to be in- 
scribed, as in the figure, and let 

then, BD = a — a; = altitude of 

the cylinder, and j, 

-?ry2(a — x)* = volume = « . . (1.) 

C 

From the similar triangles AED 

and ACB^ we have, 

* Legendre. Bk. VIII. Prop. 2. 
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X : y : : a : b; whence, 



bx 
y = — • 



Substituting this yalne in .Equation (1), we have, 



V = —^x^^a — x). 



a' 



irft* 



Omitting the constant factor — -, we may write, 

v' = x^{a — x) ; 

for, the conditions which will make t>' a maximum, will 
also make v a maximum (Art. 85). 

By differentiating, we have. 



dx 



= 2ax — 8a^. 



Placing, 
we have, 

But, 



2ax — 3ar^ = 0, 



X = Oj 



and X = -a. 



dx' 



z=: 2a — 6x = — 2a. 



Hence, the cylinder is a maximum, when its altitude is 
one-third the altitude of the cone. 

10. What is the altitude of a 
cone inscribed in a given sphere, 
when the volume is a maximum? 

Denote the radius of the given 
sphere by r, and the centre by G. 
Let A be the vertex of the re- 

mm 

quired cone, JBJD^ the radius of its 

base, which denote by y, and denote the altitude AB 

by X. Then, 
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2 . ♦ 



y2 =: 2rx — x^ ; 
and if we denote the volume of the cone hj t;, 



Omitting the constant factor ^^r, we have, 

hence, 



-J- = 4raj — 3a;2 ; 
dx 



4rx — 3a^, = 0, 



and X = -r'j 



that is, the altitude of the cone is four-thirds of the 
radius. 



\ 



11. What is the altitude of a cone inscribed in a sphere 



when the convex surface is a maximum? 



Ans, - r, 
3 



12. What is the length of the axis of a maximum 
parabola which can be cut from a given right cone with 
a circular base? 

Let BAG be a section of the 
cone by a plane passed through the 
axis ; and FDG a parabola made 
by a plane parallel to the element 
BA. 

Denote BO hj by AB by a, and 
CjE by X ; then, B£J =z b — x, 
and jFIfiJ the common ordinate of 
the circle and parabola, is equal to 
-x/bx — CB^.J 




» An. G., Bk. II. Art. 4—8. f Leg., Bk. VIII. Prop. 6. 

X Legendre, Bk. IV. Prop. 26. Cor. 
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By similar triangles, we have, 



b : a :: X : -z- = -D-E 

o 

Hence, the area of the parabola (Art. 59) iS} 

2ax /= 

u = «-T-v^ — ar. 

Omitting the constant &ctors, and remembering that the 
same value of as, which renders u a maximmn, will render 
its square a maximum (Art. 79), and designating by u' 
the new function, we have, 

m' = a^(bx •— x^) z= ba^ — xi^y and 

-T- = 3&b2 _ 4a^ . or, x = -b ; and DB = -AB. 

ax ' ' 4 ' 4 

that is, the axis of the maximum parabola is three-fourths 
the slant height of the cone. 

13. What is the altitude of the maximum rectangle 
which can be inscribed in a given parabola? 

Ana. Two-thirds of the axis. 

14. What are the sides of the maximum rectangle in- 
scribed in a given circle? 

Ans. A square whose side is r-y/S, 

'^ 15. A cylindrical vessel, open at top, is to contain a-^ 
given quantity :f water. What is the relation between 
the radius of tne base and the altitude, when the inte- 
rior surfece is a minimum? 

Ans, Altitude = radius of base. 
21 



1 
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"16. Required the maximum right-angled triangle which 
mn be constructed on a given line, as a hypotheuuse? 

Ans. When it is isosceles. 

-^ 17. Required the least triangle which can be formed 
by the two radii, produced, and a tangent line to the 
quadrant of a given circle? Ans, When it is isosceles. 

18. What is the altitude of the maximum cylinder 
which can be inscribed in a given paraboloid? 

Ans. Half the axis. 

_ 19. What is the altitude of a cylinder inscribed in a 
given sphere when its convex sur&ce is a maximum? 

♦ 20. What is the altitude of a cylinder inscribed in a 
given sphere, when its volume is a maximum? ,, 

Ans. ry^. ; ' 

*21. Required the base of the maximum rectangle which 
can be inscribed in a given ellipse whose semi-axes are A 
and i?. Ans. A^. 

22. A rectangular sheep-fold, to contain a given area, 
is to be built against a wall. Required the ratio of the 
least side to the larger, so that the cost shall be a min- 
imum. Ans. 2. 

- 23.. To circumscribe a given circle whose radius is r, 
by an isosceles triangle whose area shall be a minimum. 

Ans. Perpendicular to base = 3f. 



SECTION VI. 

DIFFERENTIALS OF TRANSCENDENTAL FUNCTIONS. 
Difierentialfl of Bzponential and Logaiithmio fimctioiuk 

86« An Erponential function is one in which the in- 
dependent variable enters as an exponent; as, 

M = a« (1.) 

I^ in a function of this form, we give to a; an incre- 
ment A, we have, 

w' = a* + * = a'a^ . . . . ( 2.) 

Subtracting Equation ( 1 ) from ( 2 ), member from mem- 
ber, we have, 

w' — w = a'a^ — a* = a*{a^ — 1) ; 

whence, = a^ — 1 •••..( 8.) 

Put, a = I + by and develop by the binomial formula; 
we then have, 

„.= (. + »,.= ! + « + f-^>. + t(iii)(^)»- 



+ r?-) (^) i^y - ^ 
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Substituting this value of a\ in Equation {Z)y and 
dividing by A, we have, 



"'-" = '+ (i^w . c^) (*^>. 



a*h 



^ f-^) c^) c^y - ^ 



If we now pass to consecutive values, by making h 
numerically equal to 0, we have, 

— T- = b — ---{--- — — + -- Ac. : 

a'dx 2 3 4 "^ 6 ' 

and putting for b its value, a — 1, we have, 

du (a—lY (a—lY (a—lY . , , 

-^ = a - 1 - ^-^ 4- ^ ^ ^ - ^^J- + 4fcc. (4.) 
a'dx 2 3 4 ^ ' 

Denoting the second member of Equation (4) hj k, 
we have, 

— =- = Ar, or, du = da' = o*A;(ife . , (6.) 

that is, the difTerentiai of a function of the form a', is 
equal to the function^ into a constant qu^antity k, de- 
pendent on a, into the differential of the eocponent. 

Relation Iwtween a and h, 

ST. The relation between a and Je is very peculiar, 
and may be determined by Maclaurin's Formula, 
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First, if we make a? = 0, the function a* = 1 = iuy 

The successive differential coefficients are found from 
Equation ( 5 ) ; viz. : 

% = «'*• '^^ (t) = *' 

di-T-l = -^ = da'k = a'JI^dx; hence, 






= a'*3, and (g) = ^^; 



&c^ Ac^ Ac 

Substituting these values in Equation ( 6 ), we have, 

If we make as = t , we shall have, 

~ 111 

^ 1 ^ 1.2 ^ 1.2.3 ^ ' 

designating the second member of the equation by e, and 
employing twelve terms of the series, we find, 

e = 2.7182818. . . . ; 

1 
hence, a* = €, therefore, a = 6* . . (7.) 

Equation ( 7 ) expresses the relation between a and k 
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A system of logarithmsy called the Naperian STStem, 
has been constructed, whose base is, € = 2.7182818.... 
This, and the common system, whose base is 10, are the 
only systems in use. The logarithms, in the Naperian 
system, are denoted by Ij and in the common system 
by log. We see from Equation (7), that X; is the 
Kaperian logarithm of the number a. If we take the 
common logarithms of both members of Equation (7), we 
shall have, 

log a = A; log 6 (8.) 

The common logarithm of € = log 2.7182818 .... 
= .434284482 . . . . , is called the modulus of the common 
system, and is denoted by M. Hence, if we have the 
Naperian logarithm of a number^ we can find the com- 
mon logarithm of the same number by multiplying by 
the modulus. 

1^ in Equation (8), we make a = 10, we have^ 

I =: kloge; or, = = log e = M; 

that is, the modulus of the common system is also equal 
to 1, divided by the Naperian logmihm of the common 
base. 

, From Equation (6), we have, 

du da* 



u a* 



= hdx. 



If we make a = 10, the base of the common system, 
X = log u^ and 

u Jc u 
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that is, the differential of a common logarithm of a 
^(uantity is equal to the differential of the quantity di- 
vided by the quantity into the modulua. 

89. K we make a = e, the base of the Kaperian 
system, x becomes the Naperian logarithm, of u^ and h 
becomes 1 : see Equation (7) ; hence, M ■=. \\ and 

, du 

that is, the differential of a Naperian logarithm of a 
quantity is equal to the differential of the quantity di- 
vided by the quantity ; and in this system^ the modulus 
is 1. 

90. Having found that k is the Naperian logarithm 
of a, we have from Equation ( 5 ), 

du = a*ladx\ 

that is, tJie differential of a function of the form, a*, 
is equal to tJie function^ into the JSTaperian logarithm 
of the ha^e a, into the differential of the exponent. 

EXAMPLES. 

1. Find the differential of w = a*. 

du = a'ladx, 

2. Find the differential of m = ^flj. 

du = — = aj-Was. 

X 

Note. This case would seem to admit of integration 
by the rule of Art. 35; but that rule applies to alge- 



1 
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bndc fbnctions only, and this form is deriyed from a 
transcendental function. 

3. f^d tlie differential of u = y«. 

lu = xlf/i hence, 

du dy , ^ , 

— = 85— + lydxi hence. 

u y 

by clearing of fractions, and redadng, 

du = xy'^^dy + y*lydx\ 

that is, equal to the sum of the partial differentials 
(Art. 82). 

4. Find by logarithms the differential of u =z xy, 

lu = Ix + ly\* hence, 

du dx dy , . _ . 

— = 1 — -'y and by reducmg, 

%m M/ y 

du = ydx + Q^y (Art. 27). 

X 

6. Find by logarithms the differential of w = - • 

lu = Ix ^ ly\\ hence, by differentiating, 
du 



dx du 
= \ and by reducing, 

%M M/ y 



y* 



• Bourdon, Art. 330. tTniversity, Art. IM. 
f Bourdon, Art. 33 1« University, Art. 18S« 



I 
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6. Find the differential of u = ^f^-^-^V 

\a — x/ 

, 2<idx 

du = 



a* — as' 



r Find the differential of « = l(—=^i=]- 



du = 



a;(a2 + as*) 



8. Find the differential of w = {a* + I)*. 

du = 2a'(a* + l)/ac&^ 



£1* 1 

9. Find the differential of w = • 

a* 4- 1 

2a*ladx 



du = 



(a* + 1) 



2 



10. Find the differential of w = — = (-)'. 



*•=©'(';-■)*• 



I>i£Eiarential forma which have known integrals. 

01. If we have a differential in a fractional form, in 
which the numerator is the differential of the denomina- 
tor, we know that the integral is the Naperian logarithm 
of the denominator (Art. 89). It frequently happens, 
however, that we have to deal with fractional differen- 
tials which are not of this form, but which, by certain 
algebraic artifices, may be reduced to it. We shall give 
a few examples of such reductions. 
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Form 1. 



/: 



Put a^ db a* = v^ ; then, xdx = vdv. 
Add vcfo to both members; then, 

a5<&5 + utfe = VC&5 + t?€?i> ; hence, 
(05 + v)dx = v{dx + dv) ; whence, 
dx -{- dv dx dx 



X -{- V V y aj2 ± a* 

•cfe 4- cfo /• dx 



; hence, 



/CKB 4- dv _ /• 
a? 4- i; "" t' 



But in the first member, the nmnerator is the differen- 
tial of the denominator; hence, 

f-r;^= = l(x + v) = l(x + V^lb^). 



Form 2. J- 



dx 



yi^ ± 2aa5 

Put \/s^~±~2c^ = V ; then, ar* dz 2aa; = v^. 

Adding a^ to both members, and extracting the square 
root, 

J _ _ vdv 

X ± a = yv^+ d^; hence, dx = — - , 

<&5 <fw 



and 



V^± 2aa; y^^ ^ ^2 
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Bat fi'om the first form. 



/dv 



=: l(v + Vt5»+ a^). 



Substitating for v its value, and for y^+ a\ its value, 



r ^ = l(x ± a + -v/aj* =fc 2ax). 



y^aj* =fc 2ax 



Form 3. -r r; or. 



a2-aj«* ' aja-a** 



c,. 2ac:^ 2adb; dx , dx* 

Smce, -r = 7 ; r-; r = ; + 



^2 _ jg2 (a + x) (a — x) a + X a — « 



r/ dx dx \ ^ P dx I f ^ 

•f \a 4- X a ^ xl ~ J a -^ X J a — 



Also. /J^^ = ,(^). 

J y? -^ a?' \x + a/ 

(See Example 6, page 126.) 



_ 2adx 

Form 4. 



Put v^ + a* = r ; whence, a* + a;* = v* ; hence, 



05* = v^ — a^, and xdx = vc?y, or, dx = 



a; 



* University, Art. !§©• (See Art. 158.) 
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Multiply both members by — - — ■ ; we have, 

/2adx r 2adv Jv — a\. . 

p 2 adx _ -y/V^ + a;^ - a \ 

•/ a;Va2"+ a^ "^ Va^ + x^ + a' 

In like maimer we should find, 

2adx jl^ '^ -v/a^ — 



/ 2ada; __ ta — ya^ — x^\ 



Ponn 5. /-.^-^ 



ya^~+ »" 



2 



Put - = v; then, x^^dx = — dv: and 
a; 

; first form. 



-y/oM- a;-2 ^ -\- v^ 



x-^dx 









_ ^ /i + vr+ a^ \ 



/ 
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TABLE OF FORMS. 



j a* la dan = a* (Ex. 1.) 



2. 



y -f- = dxx-^ = Ix (Ex. 2.) 



8. /(ajy'-^rfy + y'ly + dx) zzz y . (Ex. 3.) 



4. 



6. 



6 



/ 



dx 



V^2^ a^ 



dx 



-v/a;2 d= 2ax 



f. 



2adx 



a2- aj2 



= ;(a5 + y/^ ±: a^). (Form 1.) 



= l(x dz a + ya;2 ± 2005). (2.) 



= K:-^3- (^«- «•) 



r 2adx j/x — a\ .,, „ . 

1. I -^ 5 = l\ . I- (Form 3.) 



8. 



/2adx 
x\fd 



V^+ a^ 



= '(5i 



yo^-f- a^ — a 



-v/oM- a;2 + 



-)• (Fonn4.) 
a' 



9. 



/2a(^ 



-y/a^ — a^ 



= l\ ~r-=|- (Form 4.) 



10. 






x-'^dx 



•v/oM- a~ 



2 



=-'( 



1 + -v/TTo^X 



a? 



j. (5.) 
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92. Let O be the centre of a circle, 
A the origin of arc, and BC^ DF any 
two consecutive ordinates. Draw BE 
parallel to 0A\ draw the radius OB^ 
and denote it by 1. Denote the arc 
AB by 2, and suppose z to be the independent vari- 
able. Then, BD will be the differential of the arc AB\ 
ED^ the differential of the dne, and EB the differential 
of the cosine, which will be negative, since it is a de- 
creasing function of the arc (Art. 19). 



93. Since the triangles OBC and JDEB^ have their 
sides respectively perpendicular to each other, they ^viil 
be similar;* hence, 

OB \ 00 : : BB : BE; or, * 

1 : cos 2 :: dz : dsiaz] whence, 

d&nz = cos zdz (1.) 



94. Agiun, 1 : &nz :: dz : — (7 cos 2; whence. 



95« Since, 



c^ cos 2 = — sin 2 {& . . , . (2.) 



cos 2 = 1— ver-sin 2, d cos 2 = — e/ ver-sin 2 ; 



hence, 



d ver-sin 2 = sin 2 cfe . . . . (3.) 



* Le^endre, Bk. IV. Prop. 21. 
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96. Again, tan z = 



sm z 
coss 



; hence, 



, ^ cos zdmiz — sin 2 e^ cos z , . 
rftang = ^ (Art. 29). 



C08*« » 



Substituting for d sin z and d cos z^ their values from 
Kquations ( 1 ) and ( 2 ), we have, 



d tan z = 



008^2 



(*•) 



By similar processes, we can find the differentials of 
the co-versed-sine, cotangent, secant, and cosecant, in terms 

of the other functions and the differential of 2. 

97. Denote the sine of the arc AB by y, its cosine 
by as, its versed sine by v, and its tangent by L If 
we regard each of these as the independent variable, and 
the arc z as the common function, and find the values 
of z from Equations (1), (2), (3), and (4), we shall 
have. 



When radius = 1, 



dz = 



___ d^ 



/I -y2 



• . • . ^ o.) 



dfe = — 



dx 



VlT- 35^ 



. . (6.) 



dz — 



dz = 



dv 



dt 
1 -I- «2 ' ' 



. .. (7.) 



(8.) 



When radius = r. 



dz = 



rdy 



^7^ — y2 



. . . (9.) 



(fe = — 



dz = 



dz = 



X' 



rdx 
rdv 

r2 + ^2 • • • 



. (10.) 



. . (11.) 



(12.) 
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The differential of the arc, in terms of either of the 
other functions is easily found. 

98. The following notation is employed to designate 
an arc by means of any one of its Unctions. 

sin-'^t^ denotes the arc of which u is the sine, 
cos~^t^, denotes the arc of which u is the cosine, 
tan-%, denotes the arc of which u is the tangent, 

<fec., <fec., &o. 



If we denote the sine of an arc by -, instead of y, as 
in Equation (5), we shall have, 

y = -, ay = — , and z = sm-^-» 
a a a 

Substituting these values in Equation ( 5 ), we have, 

dz = - — (13.) 



u 
a 

substitutions in Equation (6), we have. 



A/ 

Denoting the cosine of the arc by -, and making like 



& = _^^ (14.) 

Denoting the ver-sine of the arc by - , and making like 
substitutions in Equation (7), we have, 

dz = .... (15.) 



y^ 



w2 
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Denoting the tangent of an arc by -, we have from 



Equation (8), 

adu 



^ — (10.) 

1 + w2 ^ ^''•^ 



EZA1£PLBS. 

1. Differentiate the function, 



z = oos-^(w'/l — w^). 



_ (- 1 + 2u^)du 

iX/Z — 



VfT^ ^2+ W*) (1 - W2) 



2. Differentiate the function, 

2du 



z = 8in-^(2M'v/i — wO- ^ = 



3. Differentiate the function, 



Vl - w' 



z = tan-i-, ^ _ ^--—- — _i . 

y y2 + a52 

4. Differelitiate the function, 

z = cosaj""^*. 

Make, cos x •=. u^ and sin a; = y ; 

then, z = wy, and, (Art. 90), 

dz = wyZwdfy + yuv-^du; 

also, {fw = — sina;<i^ and c?y = cosccofo; 

22 
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hence, dz = u9 lludi/ + -du\ 

« cos X cos X lax. 

COBX/ 



Differential fonis which have known Integrals. 

99. The first four equations in Art. 93 fnmish ns fbnr 
forms, by taking the integrals of both members. Equations 
(5), (6), (7), and (8), are of the same form as Equations 
( 9 ), ( 10 ), ( 11 ), and ( 12 ), except that the radius is 
1 in the first set, and r in the second; hence, the arc 
2, in each equation of the second set, is r times as great 
as in the corresponding equation of the first set.* 

Forms (13), (14), (16), and (16), are modified fonns 
of ( 6 ), ( 6 ), ( 7 ), and ( 8 ). They differ fi-om them only 
in the symbol by which the function of the arc is denoted. 

TABLE OF FOBHS. 



1. / COS zck =z mnz + C. 



2. 



8. 



4. 



5. 



/ — sin 2 (& = cos z + G. 
J mmdz = ver-sin z -]- O. 



— r- = tan 2 + C. 






* Leg., Trig. Art. 41. 
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V 



= cos- 'as + C. 
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7. 



/ 



dv 



-v/2tr— v^ 



ver-sin-^v + (7, 



8. 



r m 



= tan-i^ + C. 



9. 



10. 



11. 



12. 



/ 



rd^ 



/ 



-v/r^"— y2 



— rcfo; 



= sin-iy + a 



/ 



V^- a;2 



r(fo 



= cos-^a; + O. 



/ 



V2t^ + v^ 



r^dt 



= ver-Bin-^v + C. 



I 3 






r2 + «2 



= tan-1^ + C 



13. 



/ 



eft^ 



M 



Va2__ 



w^ 



a 



14. 



/ 



— du 



•v/o^"- 



W 



a 



15. 



/ 



■ = = ver-sin-i-« 

y 2att — w' « 



16. 



/ 



a<fw 



^3 _|. ^2 



a 
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Applioatioiia. 

100. We may readily find the relation between the 
diameter and the circumference of a circle from either 
of the first four equations of Art. 97. 

1. To find this ratio from Equation (5), which ifi^ 
<fe = --—- ; or, — = ^ = (1 — y^) '• 

Developing by the Binomial Formula, we have, 
dz =df/+ -^y^dy + -—^t^y + flJ^V^^V + *«- 

If we make z = 30°, of which the sine y is • - , * 
we have,. 

1 _1__ 1.3 1.3.5 . 

^" "" 2 "^ 2.3,23 + 2.4.5.2^ "^ 2.4.6.7.2' "^ 

By multiplying both members of the equation by 6, 
and taking twelve terms of the series, we have, 

180"* = -r = 3.1415924, 
which is true to the last place, which should be 6. 



* Legendre, Trig. Art. 29« 
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2. Find the ratio from Equation (8), which is, 

Developing by the Binomial Formula, we have, 

— = 1 — «2 + «* — «« + <® — &c. ; whence, 
dt 

dz =: dt - 1^dt + t^dt - t^dt + i^dt — Ac. 

fdz = z = im-H = «-3+6"7 + 9""*^- 

This series is not sufficiently converging. To find the 
value of the arc in a more convergmg series, we employ 
the following property of two arcs, viz.: 

Four times the arc whose tangent is -, exceeds the 
are of 46° fty the arc whose tangent is — • 



» Let a denote the arc whose tangent is — . Then, -Leg., Trig. 

Art. 36., 

2 tan « _ _5. 

tan 2a = i __ tan«a "" 12» 

2 tan 2a_ 120 
tan 4a = fTTti^a^ ^ 119 ' 

The last number being greater than 1, shows that the arc 4a ex- 
ceeds 45*. Making, 

4a = A, 45'' = B, 
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But. tan- g) = i- - 5^ + gi, - ^ + Ac 
t^-i(J-\- J L_ + _i ^ + 4c 

\239/ ~ 239 8(239)» ^ 6(239)» 7(239)' ^ ' 



heace 



\ 6 3.53 "^ 6.6* 7.7' ■^/ 



arc 46® = < 



(-L ?_ + _} L_ + ) 

\239 3(239)» ^ 6(239)* 7(239)' / 



Multiplying both memberB by 4, we find, 

180** = -r = 3.141592663. 
the difference, 4a ^ 46* = ^ — £ = 6, will hare for its tangent, 

«. tan A — tan B 1 

tan i = tan M - B) = pp^^j^-j^jj^ = — ; 



hence, four times the are whate tangent is -^ , exceeds the are ef 46* 
hy ' an arc whose tangent is ^oa • 



SECTION VII. 

TRANSCENDENTAL CURVES — CURVATURE — RADIUS OF 
CURVATURE — INVOLUTES AND EV0LUTE8. 

OlaBsification of Ourves. 

101. Curves may be divided into two general classes : 
1st. Those whose equations are purely algebraic ; and 
2dly. Those whose equations involve transcendental quan- 
tities. 

Those of the first class, are called Algebraic curves, and 
those of the second, Transceyidental curves. 

The properties bf the Algebraic curves have been already 
examined; it therefore only rem^tins to explain the proper- 
ties of the Transcendental curves. 

Logarithmic Curve. 

102. A logarithmic curve, is a curve in which one 
of the co-ordinates, of any point, is the logarithm of the 
other. The co-ordinate axis to which the lines denoting 
the logarithms are parallel, is called the axis of logarithms^ 
and the other, the cuxis of nurnbers. 

If we suppose Y to be the axis of logarithms, then X 

will be the axis of numbers, and the equation of the curve 

will be, 

y = log X. 



4 
i 

i 
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Oeneral Properties. 

103. Let A be the origin of a system of rectangular 
co-ordinates, X the axis of numbers, and Y the axis of 
logarithms. 

If we designate the base 
of a system of logarithms 
by a, we shall have,* 

a^ = Xy 

in which y is the loga- 
rithm of X, 

If we change the value 

of the base a, to a', we shall have, 

y 
a' = sc, 

in which y is the logarithm of a, to the base a'. It is 
plain, that the same value of a, in the two equations, will 
give different values of y, and hence : J^ach system of 
logarithms will give a different logarithmic curve. 

If we make y = 0, we shall have,f x = 1; and since 
this relation is independent of the base of the system of 
logarithms, it follows, that : Every logarithmic curve wUl 
intersect the axis of numbers at a distance from, the origin 
equal to 1. 

This abscissa is denoted by the line AM 
We may find points of the curve from the general 
equation, 

a^ z=: QC^ 



* Bourdon, Art. 227. University, Art. 183. 
f Bourdon, Art. 235. University, Art. 186* ■ 
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even without the aid of a table of logarithms. For, if 
we make, 

1 8 1 « 

we shall find, for the corresponding values of », 
a = 1, X =\^^ X = ay^, x = */a, <fcc. 

If we make a = 10, the curve will correspond to the 
common system of logarithms ; and if we suppose 
a = 2.7182818..., to the Naperian system. Both curves 
pass through the point £J. 

Base > 1. 

104. If we suppose the base of the system of loga- 
rithms to be greater than 1, the logarithms of all numbers 
less than 1 will be negative;* therefore, the values of y, 
corresponding to all abscissas between the limits of cc = 0, 
and X = AE =: 1, will be negative; hence, these ordi- 
nates are laid off below the axis of ^ When jc = 0, 
2/ = — 00. When the base is greater than 1, the corre- 
sponding curve is QPEK\ The curve cannot extend to 
the left of the axis of Y^ since negative numbers have no 

real logarithms.! 

Base < 1. 

105. If the base of the system is less than 1, the log- 
arithms of all numbers greater thap 1 are negative ;. and 
of all numbers less than 1, positive. Under this supposi- 
tion, the curve assumes the position Q'F'EK. The parta 

* Bourdon, Art. 235* University, Art. 186. 
f bourdon, Art. 235. University, Art. 186 
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of the curves EPQ^ EP Q\ are concave towards the axis 
of abscissas; the parts EK^ EK*^ are convex; and both 
cnrves, throughout their whole extent, are convex towards 
the axis of Y. 



106« Let us resume the equation of the curve, 

y = logos. 

If we denote the modulus of a system of logarithms by 
JIf, and differentiate, we have (Art. 88), 

dx^^ dy M 

dy = -M; or, ^ = -• 

But, -^ denotes the tangent of the angle which the 

tangent line makes with the axis of abscissas; hence, the 
tangent will be parallel to the axis of abscissas when 
a; = 00, and perpendicular to it, when x = 0, 

But, when aj = 0, y = — oo ; hence, the axis of ordinates 
is an asymptote to the curve. The tangent which is par- 
allel to the axis of -X^ is not an asymptote; for, when 
a; = 00, we also have, y = oo (Art. 50). 

Sob-tangent. 

107. The most remarkable property of this curve, is the 
value of its sub-tangent T'It\ estunated on the axis of 
logarithms. We have found, for the sub-tangent, on the 
axis of X (Art. 45), 

TE = ^y; 
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and by simply changing the axis, we have, 

TR = ^x = M (Art. 106); hence, 

The sub-tangent^ taken on the axis of logarithms^ is equal 
to the modulus of the system from, which the curve is 
constructed. In the Naperian system, Jf = 1; hence, the 
sub-tangent is equal to 1, equal to AM In the common 
system, it is denoted by the number, .434284482 . . . 



The Oyoloid. 




108. If a circle NPG be rolled along a straight line, 
AL^ any point of the circumference, as P^ will describe 
a curve, which is called a cycloid. The circle NPG is 
called the generating circle^ and P, the generating point. 

Since each succeeding revolution of the generating circle 
will describe an equal cui've, it will only be necessary to 
examine the properties of the curve APBL^ described in 
one revolution. We shall, therefore, refer only to this 
part, when speaking of the cycloid. 

If we suppose the point P to be on the line u4X, at A^ 
it will be found at some point, as X, after all the points 
of the circumference shall have been brought in contact 
with the line AL, The line AL will be equal to the 
circumference of the generating circle, and is called the 
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base of the cycloid. The line JBM^ drawn perpendicular 
to the base, at the middle point, is called the axis of the 
cycloid, and is equal to the diameter of the generatiBg 



cii'cle. 



Transcendental Equation of the Ojroloid. 



109. Let ON" be the radius of the generating circle. 
Assume any point, as -4, for the origin of co-ordinates. 
Let us suppose that when the generating point has de- 
scribed any arc of the cycloid, as AJP, that the point in 
which the circle touches the base has reached the point iK 




Through iV, draw the diameter J^G, of the generating 
circle : it will be perpendicular to the base AJO, Through 
P, draw Pi2 perpendicular to the base, and PQ parallel 
to it. Then, PJR = ^Q w^ill be the versed sine, and FQ 
the sine of the arc N^P to the radius CN". Put, 

CJSr = r, AH =z X, PB = NQ = y, 

we shall then have, 

PQ = V^"^^ a = AN- EN- arc NP^PQ] 
hence, the transcendental equation is, 



X 



= ver-sin~^y — ^2ry — y\ 
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• Sifierential Equation. 

110- The properties of the cycloid are most easily 
deduced from its differential equation. This is found by 
differentiating both members of the transcendental equation. 
We have (Art. 97), 

e?(ver-sin-^y) = — ; and 

y2ry - y^ 

df(- -/27^rry2) -_. _ ^ y Z j^ ; hence, 
d^ = — ^=-?:^^==^; or, dx^-A 



which is the differential equation of the cycloid. 



Sub-Tangent, Tangent, Sub-Normal, NormaL 

111, If we substitute in the general equations of Arts. 
45, 46, 47, and 48, the values of da^ and dy^ found 
in the differential equation of the cycloid, we shall obtain 
the values of the sub-tangent, tangent, normal, and sub- 
normal. They are, 

TR = z= :==i = sub-tangent; 
V2r2/ - y2 



TP = y ^_ = tangent; 
V2ry — y2 

PJsT = ^2ry = normal; 

-Z?iV^ = \/2rt/ — y2 _ sub-normal. 
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These values are easily constructed, from their conuec- 
tion with the parts of the generating circle. 

The sub-normal ItN'^ for example, is equal to PQ of 
the generating circle, since each is equal to ^2ry — y^\ 
hence, the normal PN^ and the diameter GN^ intersect 
the base of the cycloid at the same point. Now, since 
the tangent to the cycloid at the point P must be per- 
pendicular to the normal, it will coincide with the chord 
PG of the generating circle. 

If, therefore, it be required to draw a normal, or a tan- 
gent, to the cycloid, at any point, as P, draw any line, 
as n<7, perpendicular to the base AL^ and make it equal 
to the diameter of the generating circle. On ng^ describe 
a semi-circumference, and through P draw a parallel to 
the base of the cycloid. Through jt>, where the parallel 
cuts the semi-circumference, draw the supplementary chords 
P^t P9t si^d then draw through P the parallels PN^ 
PG; and PiV will be a normal, and PG a tangent to 
the cycloid at the point P, 

Position of Tangent. 



119. The differential equation of the curve, 



dx z= 



v^y - 2/2 ' 
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may be put under the fonn, 

dx y V y * 

If w.e make y = 0, we shall have, 

dy 



dS= "> 



and if we make y = 2r, we shall have, 

hence, the tangent lines drawn to the cycloid at the points 
where the curve meets the base, are perpendicular to the 
base ; and the tangent drawn through the extremity of the 
greatest ordinate, is parallel to the base. 



Curve Oonoave. 
113. If we differentiate the equation, 

regarding dx as constant, we obtain, 

V2ry - y2 
or, by reducing and dividing by y, 

= (2ry - y^)d'y + rdy\ 

whence we obtain, 



d^y = - 



rdy'^ 



2ry -y2' 

9. 

and hence, the curve is concave towards the axis of 
abscissas (Art. yg). 
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Area of the Oydoid. 

114* The area of the cycloid may be fbnnd in a very 
simple mamier, by constrncting the rectangle AFBM^ and 
considering the portion AFB. 

If we regard F as 
an origin of co-ordinates, 
FB as a line of Ab- 
scissas, and take any 
ordinate, as, 




we shall have, 



KH =1 z = 2r ^ y^ 
d{AHKF) = zdx. 



But, 



zdx = Lr — y_ ^^ _ c[y^2ry — y*; 
V2ry — y2 



whence, AHKF = fdy^/2ry — y^ -j- (7. 

But this integral expresses the area of the segment of 
a circle, whose radius is r, and versed-sine y (Art. 99), 
that is, of the segment MIGE. If now, we estimate the 
area of the segment from M^ where y = 0, and the area 
AFKH from AF^ in which case the area AFKH = 0, 
for y = 0, we shall have, 

AFKH = MIGE; 

and taking the integral between the limits y = and 
y =z 2r, we have, 

AFB = semi-circle MIGB, 

and consequently, . * 

area AIIB3I = AFBM — MIGB. 
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But the base of the rectangle AFJBM is equal to the 
semi-circumference of the generating circle, and the alti- 
tude is equal to the diameter ; hence, its area is equal 
to four times the area of the senod-circle MIGB ; there- 
fore, 

area AHBM = ZMIQB ; hence. 

The area AHBL is equal to three times the area of 
the generating circle. 

Sur&oe desoxlbed by the Cycloid. 

115. To find the surface described by the arc of ^a 
cycloid when revolved about its base. 
The differential equation of the cycloid is, 



^= y^y 



y/%ry — 2/2 



Substituting this value of dx in the differential equation of 
the surface (Art, 62), it becomes, 

3 

Applying Fonnula (E), (Art. IVO), vre have. 



s 

But, 



^ ** 3 ./ ^2ry — yU 



/;^F=/^=/*'^'-^'"--^<^'-^'*' 
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hence, 

If we estimate the surface from the plane passing throagh 
the centre, we have (7=0, since at this point « = 0, 
and y = 2r. If we then integi-ate between the limits 
y = 2r, and y = 0, we have, 

« = - sar£ice = — — ifr^; hence, 

8 = surface = — — ner^. 

3 ' 

that is, the surfece described by the cycloid, when it is 
revolved around the base, is equal to 64 thirds of the 
generating circle. 

The minus sign should appear before the integral, since 
the surface is a decreasing 'function of the variable y 
(Art. 19). 

Volume generated by the area of the Oydoid. 

116. If a cycloid be revolved about its base, it is re- 
quired to find the measure of the volume which the area 
will generate. 

The differential equation of the cycloid is. 



^2r — y^ 
If we denote the volume by F", we have (Art. 69), 

dv= *y'^y . 
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If we apply Formula (E) (Art. 170), we shall find, after 
three reductions, that the mtegral will depend on that of 

But the integral of this expression is the arc whose versed 
sme is - (Art. 99). Making the substitutions and reduc- 
tions, we find the volume equal to five-eighths of the 
circumscribing cylinder. 

SptralB. 

117. A Spiral^ or Polar Line, is a curve described by 
a point which moves along a right line, according to any 
law whatever, the line havmg at the same time a uniform 
angular motion. 

Let ABC be a straight 
line which is to be turned 
uniformly around the point 
-4. When the motion of 
the line begins, let us sup- 
pose a point to move from 
A along the line, in the 
direction AJ3 C. When 
the line takes the posi- 
tion ADEy the point will 

have moved along it, to some point, as 2>, and will have 
described the arc AaD, of the spiral. When the line 
takegj the position AD'E^ the point will have described 
the curve AaDD\ and when the line shall have complet- 
ed an entire revolution, the point will have described the 
curve AaDB'B, 

K the revolutions of the radius-vector be continued, the 




152 DIFFEKENTIAL CALCULUS. [SEC. VIL 

generating point will describe an indefinite spiral. The 
point A^ about which the right line revolves, is called 
the pole ; the distances AD^ AD\ AB^ are called ra- 
dius-vectors or radii-vectores ; and the parts AaDD'Bj 
BFF'Cy described in each revolution, are called spires. 

If, with the pole as a centre, and AB^ the distance 
passed over by the generating point in the direction of 
the radius-vector, during the first revolution, as a radins, 
we describe the circumference BEE\ the angnlar motion 
of the radius-vector about the pole A^ may be measured 
by the arcs of this circle, estimated from B. 

K we designate the radius-vector by w, and the meas- 
uring arc, estimated from J5, by ^, the relation between 
u and ^, may be expressed by the equation, 

u = a<", 

in which n depends on the law according to which the 
generating point moves along the radius-vector, and a on 
the relation which exists between a given value of v^ and 
the corresponding value of t. 

General PropertieB. 

118. When n is positive, the spirals represented by 

the equation, 

u = a<", 

win pass through the pole A, For, if we make ^ = 0, 
we shall have, w = 0. 

But if n is negative, the equation will become, 

u = at-'^'y or, w = — , 
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i 

from which we shall have, 

for, < = 0, tf = 00, 

and for, ^ = oo , w = ; 

hence, in this class of spirals, the first position of the 
generating point is at an infinite distance from the pole: 
the point will then approach the pole as the ''radius-vector 
revolves, and will only reach it after an infinite number 
of revolutions. 

• 

Spiral' of Arohimedes. 

119« If we make 7^ = 1, the equation of the spiral 
becomes. 

If we designate two different radii-vectores by w' and 
w", and the corresponding arcs by t' and ^", we shall have, 

«' = at\ and w" = af\ 

and consequently, 

w' : w" : : t' : f ; that is, 

The radii-vectores are proportional to the measuring 
arcSy estimated from the initial point. 

This spiral is called the spiral of Archimedes. . 

If we denote by 1, the distance which the generating 
point moves along the radius-vector, during one revolu- 
tion, the equation, 

u = at, 
will become, 

I = ati or, 1 X - = ^. 
' a 



154 DIPPEEENTIAL CALCULUS. [SEa Vlt 

But since t is the circumference of a circle whose 
radius is 1, we shall have, 

- = 2flr, and consequently, a = — • 



ParaboUo SpliaL 

120. If we make n = -, and a = y^, we have, 
for the general equation, 

* 

u = v^ X «*; or, u^ = 2^, 

which is the equation of the parabolic spiral. 

If ^ = 0, u z=z 0; hence, this spiral passes through 
the pole. 

Hyperbolic SpiraL 

121. If we make n = — 1, the general equation of 
spu-als becomes, 

u = a^~^; or, ut = a. 

This spiral is called the hyperbcliG spiral^ because of 
the analogy which its equation bears to that of the hy- 
perbola, when referred to its asymptotes. 

If, in this equation, we make, successively, . 

we shall have the corresponding values, 

w = a, w = 2a, t^ = 3a, t< = 4a, <fcc 
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Itogazithmio SplraL 

132. Since the relation between u and t is entirely 
arbitrary, we may, if we please, make, 

t = log u. 

The spiral described by the extremity of the radius- 
vector, under this supposition, is called the logarithmic 
spiral. 

Direction of the measuring arc. 

133. The arc, which measures the angular motion of 
the radius-vector, has been estimated from right to left, 
and the value of t regarded as positive. If we revolve 
the radius-vector in a contrary direction, the measuring 
arc will be estimated from left to right, the sign of t 
will be changed to negative, and a similar spiral will be 
described. 

Sub-tangent in Polar Onrves. 

124. The Sub-tangent, in spirals, or in any curve^ 

referred to polar co-ordinates, 
is the projection of the tangent 
on a line dra^vn through the 
pole, and pei"pendicular to the 
radius-vector passing through 
the point of contact. 

Let A be the pole, Alf = 1, 

the radius of the measuring 

arc, P any point of the curve, 

2T a tangent at P, and AT^ 
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perpendicular to AP^ the sub-tangent. Let AJP' be a 
radius-vector, consecutive with AI^j and P§, an arc de- 
scribed from the centre A. 

Then, iOT' = dt^ and QF' = du^ and, since J^Q is 
parallel to iOT', we have, PQ = w<^. But the arc 
JPQ coincides with its chord (Art. 43), and since Q is 
a right angle, the triangles PQP' and TAP are similar ; 
hence, 

AT : AP :: PQ : QP'; therefore, 
Sub-tangent AT : u : : udt : du. 

Whence, Sub-tangent AT = -=— = -«*+i. 

125. In the spiral of Archimedes, we have, 

• 

n = 1, and a = --; 

hence, -42^ = -- • 

If we make t = 2ir, drcumference of the measuring 
circle, we shall have, 

AT =: 2'jr, circumference of the measuring circle. 

After m revolutions, we shall have 

t = 2mir, 
and consequently, 

AT = 2mV = m.2mit; that is. 
The stdhtangent^ after m revolittioiis^ is equal to m times 
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the circumference of the circle whose radius is the radius^ 
vector. This property was discovered by Archimedes'. 

126. In the hyperbolic spiral, w = — 1, and the value 
of the sub-tangent becomes 

AT = — a ; that is, 
The sub-tangent is constant in the hyperbolic spiral. 

Angle of the Tangent and Radius-Veotor. 

127. We see that, 

AT _ ud^ 
AP " du' 

denotes the tahgent of the angle which the tangent line 
makes with the radius-vector. 

In the logarithmic spiral, of which the equation is 

t = log w, 

we have, dt = — M: 

hence, -jp = -j- = Jf / that is, 

In the logarithmic spiral^ the angle formed by the 
tangent and the radius-vector passing through the point 
of contacty is constant; and the tangent of the angle 
is equal to the modulus of the system of logarithms. 

If t is the Naperian logarithm of w, J!f is 1 (Art. 89), 
and the angle will be equal to 46°. 
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Value of the Tangent. 

13§« The value of the tangent, in a curve referred to 
polar co-ordinates, is, 

FT =zyjAP''{-AT''=z uyJV+ 



u^dt^ 



du^ 



DiflEiarential of the Aro. 



129. To find the differential of the arc, which we de- 
note by 2, we have, 



pp' = ycp''+ Qp^i 



or, by substituting for PjP, QP\ and JPQ^ their values, 
when P and P' are consecutive, we have, 



dz = V^wM- u^dt\ 



Di£ferential of the Area. 

130. The differential of the area ADPy when referred 
to polar co-ordinates, is not an elementary rectangle, as 
when referred to rectangular axes, but is the elementary 
Hector APP'. The area of this triangle is equal to 

AP X PQ 

-~ — • If we denote the differential by ds^ we have, 

^ __ AP'x QP _ (u + du)u dt^ 

or, omitting the infinitely small quantity of the second 
order, ududt (Art. 20), 

v^dt 
ds = -— -, 
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which is the differential of the area of any segment of a 
polar line. 

Areas of Spirals. 

JL31. If we denote hy 5, the area descrihed hy the ra- 
dius-vector, we have (Art. 130), 

, u^dt 

ds = —; 

and placing for u its value, at* (Art. 117), 

CIS = — - — , and s = — -• + C\ 

If n is positive, (7=0, since the area is 0, when t .=' 0. 

> 

After one revolution of the radius-vector, t = 2'n', and we 
have, 

4n -f- 2 ' 
which is the area included within the first spire. 

132. In the spiral of Archimedes, (Art. 119), 

a = — -, and w = 1 ; 

hence, for this spiral we have, 

t^ 



8 = 



24flr2' 



If 
which hecomes -, after one revolution of the radius-vec- 

o 

tor ; the unit of the numher - , heing a square whose 

side IS 1. Hence, the area included hy the first spire^ is 
equal to one-third of the area of the circle whose radius 
is the radius-vector^ after the first revolution. 
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In the second revolution, the radius-vector describes a 
second time, the area described in the first revolution; 
and in any succeeding revolution, it will pass over, or re- 
describe, all the area before generated. Hence, to find 
the area, at the end of the mth revolution, we must in- 
tegrate between the limits, 

t = {m — l)2cr, and t = m.2ir, 

which gives, 

m^ — (m — 1)^ 

S = ^ AT. 

3 

K it be required to find the area between any two spires, 
as between the mth and the (m -h l)th, we have for the 
whole area to the (m -f l)th spire, 

(m + 1)^— m^ 

3 ' 

and subtracting the area to the mth spire, gives, 

(m -f 1)3 — 2m3 4- (m — 1)3 
8=- ' — — ^^ -ir = 2mflr, 

for the area between the mth and (m -|- l)th spires. 

If we make m = 1, we shall have the area between 
the first and second spires equal to 2*; hence, the area 
between the mth and (m -f l)th spires^ is eqtcal to 
m times the area between the first and second, 

133. In the hyperbolic spiral, n = — 1, and we have, 

ds = — - — dl^ and « = • 

2 ' 2t 

The area s will be infinite, when ^ = 0, but we can 
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find the area included between any two radii-vectores h 
and c, by integrating between the limits t z= b and ^ = c, 
"which will give, 

134. In the logarithmic spiral, t =z lu ; hence, 

dt = — 

u ' , ^j^dA udu 

and, - — = '; 

'2 2 

hence, * = y ~y = T + ^ 5 

and by considering the area « = 0, when w = 0, we 
have C = 0, and 



CURVATURE. 

135. The Curvature of a plane curve, at any point, 
is its tendency to depart from the tangent drawn to the 
cui've at that point. This tendency is measured by the 
distance which a point, moving on the curve, departs from 
the tangent in passing over a unit of length, denoted by 
the differential of the arc. In the same circle, or in equal 
circles, the tendency to depart from a tangent, at any 
point, is always the same ; hence, the curvature of a cir 
cle, at all points, is constant. 

Curvature of a circle is inversely as the radius. 

136. Let C and 0' be the centres of two unequal cir- 
cles, having a common tangent at P. If we suppose the 
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arcs to be the independent variables, we can denote the 
differential of one arc by Pb^ and 
the differential of the other, by 
an eqoal arc Pa, Then, having 
dra^vn bB and a2>, and the sines, 
bb\ aa\ and recollecting that each 
arc is equal to its corresponding 
chord, (Art. 43), we have, by de- 
noting the radii by r and r',* 

Pb" = 2r.Pb\ 




and 



Pa' = 2r'. Pa' ; 



since the arcs are equal, and Pb' = e?^, and Pa' = ca, 

2r.db = 2r'. ca ; hence, 

1 1 

db : a4i : : - : -7; that is, 

T T 

The curvature of a circle varies inversely as its radius ; 
hence, the reciprocal of the radius of a circle may be 
assumed as the measure of its curvature. 



Orders of Oontact. 

isy. If two plane curves have one point in common, 
there is one set of co-ordinates (which may be denoted 
by as", 2/"), that will satisfy the equations of both curves. 
If the curves have a second point in common, coiiseciitive 
with the firsts they will have a common tangent, at the 
common point, and the first differential coefficients will also 
be equal (Art. 43) ; this is called, a contact of the first order ^ 
If the curves have a third point in common, consecutive 
with the second, the second differential coefficients will be 



* Legendre, Bk. IV. P. 23. 
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equal (Art. 78) ; this is called, a contact of the second 
order. 

Generally, two curves have a contact of the nth order, 
when they have a common point, and the first n succes- 
sive differential coefficients of the conunon ordinate, equal 
to each other. 

Osculatozy Curves. 

13§« An Osculatrix, is a curve which has a higher 
order of contact with a given curve, at a given point, 
than any other curve of the same kind. The osculatory 
circle is by fer the most important of all the osculat rices ; 
for it is this circle which measures the curvature of all 
plane curves. 

Osculatozy Circle. 

139. The general equation of a circle, referred to rect- 
angular co-ordinates (Bk. IT., Art. 5), is, 

(a;-a)2+ (y-/3)2 = i22 . . . (i.) 

in which a and )3 are the co-ordinates of the centre, and 
X and y the co-ordinates of any point of the curve. 

If we regard a, j8, and i?, as constants, and differen-' 
tiate the equation twice, and then find the differential 
coefiicients of the first and second order, we have, 



dy 


— 


X 


— a 


dx 


y 


-^ • 


^y 




1 





(2.) 



and, d^y __ . dx^ .... (3.) 

dx^ "~ y — ^ 
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In Equation ( 1 ) tjiere are three arbitrary constants, a, 
^, and R ; and Tallies may be assigned to these, at pleas- 
ure, so as to cause the circle to fuUfil three conditions, 
and three only. 

If we have any plane curve whose equation is of the 
form, 

and find, from this equation, the first and second differ- 
ential coeflficients, for any point whose co-ordinates are 
^"j y"? we may then attribute such values to a, ,5, and 
2?, as shall make, 

X = a", y — y" \ also, 

dy __ dx'* d^y _ d^y" 

dx "■ dy^'' d^ ~ ^^* 

As no further general relations can be established be- 
tween the differential coefiUcients of the circle and curve, 
this circle will be osculatory to the curve at the point 
whose co-ordinates are a", y" (Art. 138). Since the 
co-ordinates of a point, and the differential coefiScients of 
the first and second order, determine three consecutive 
points (Art. 78), it follows that, the osculatory circle passes 
through three consecutive points of the curve^ at the point 
of osculation. 

Limit of the Orders of Contact. 

140* It is seen that the highest order of contact which 
a circle can have with any curve, is denoted by the num- 
ber of arbitrary constants which enters into its equation, 
Jess 1; and the same is true for any other osculatrix. 
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Although it is impossible to assign a, higher order of con- 
tact, to a circle, than the second^ yet, at the vertices of 
the transverse and conjugate axes of the conic sections, the 
conditions which make the circle osculatory, also make the 
third differential coefficient zero, and hence give a contact 
of the third order. In general, when the order of contact 
is even^ and the curve symmetrical with the normal at the 
point of osculation, the conditions imposed will give a con- 
tact of the next higher order. 



Radius of Onrvatore. 



141. If we find the value of R from Equations (1), 
(2), and (3), we have, 

{dx' 4- dy^y 
dxd^y 



B = ± 



. . . . (4.) 



which is the general value for the radius of the osculatory 
circle. 
If we denote the arc by «, we have (Art. 52), 



dz = ycfoj -H dy\ 



whence, 



i2 = ± 



d^ 
dxd?y 



(5*) 



Measure of Curvature. 

143* The curvature of a curve, at any pointj is measured 
by the curvature of the os- 
culatory circle at that point ; 
hence, it is the reciprocal of 
the radius (Art. 136). 

If we assume two points, 

P and jP, either on the 
24 
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same, or on different curves, and find the radii t and r' 
of the circles which are osculatory at these points, then, 

curvature at P : curvature at P' : : - : -7 • ' 

r r 

143. To find the radius of curvature, at any point of 
a plane curve, whose equation is of the form. 



y =f(^)' 



Differentiate the equation twice, and substitute the values 
of the first and second differentials in Equation (4); the 
resulting equation will indicate the value of i2 for that 
point. 

K we use the + sign, when the curve is convex toward 
the axis of abscissas, and the — sign when it is concave, 
the essential sign of jR will be positive, when i2 is an 
increasing function of x. 

Radius of Curvature for Lines cf the Second Order. 

144. The general equation for lines of the second or- 
der (Bk. V, Art. 42), is, 

y^ = mx + nx% 
which gives, by differentiation, 
^^ ^ {m -h 2m^)dx ^ ^^ , ^y. ^ [^y^ -f (m 4- 2nxYW ^ 

_ Inydo^ — (m 4- 2nx)dxdy _ [4ny^ — {m -\- 2nxy]dx^ 



SEC. Vn.] CURVATURE. 167 

Substituting these values in the equation, 

i 



i2 = - 






we obtain, E = [M^ "f ^) + (m + 2^0.)^]^ 

which is the radius of curvature in lines of the second 
order, for any abscissa x, 

145. If we make a; = 0, we have, 

that is, in lines of the second order, the radius of eurvci- 
ture at the vertex of the transverse axis is equal to half 
the parameter of that axis. 

146. If it is required to find the value of the radiu^ of 
curvature at the vertex of the conjugate axis of an ellipse, 
we make (Bk. V, Art. 42), 

which gives, after reducing, 

E = ^; hence. 

The radius of curvature at the vertex of the conjugate 
axis of an ellipse is equal to half the parameter of that 
axis. 

14'}'. In the case of the parabola, in which w = 0, the 
general value of the radius of curvature becomes, 

i 

(m^ + ^mxy 



2m'^ 
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If we make a? = 0, we shall have the radius of currature 
at the vertex, equal to — , or onerhalf the parameter. 

I 

148. If we compare the value of the radius of curvature 
(Art. 144), with that of the normal line found in Art. 49, 

we shall have, 

_, (normal)^ 

JR = ^ ^; that is, 

4 

The radiua of curvature^ at any pointy is equal to the 
cube of the normal divided by half the parameter squared; 
and hence, the radii of curvature^ at different points of 
the same curve, are to each other as the cubes of the wt' 
responding normals ; and the curvature is proportional to 
the reciprocals of those cubes, 

XTvoIute Corves. 

149. An Evolute curve is the locus of the centres of 
all the circles which are oscu- 

latory to a given curve. The 
given curve is called the Invo- 
lute. ' 

K at different points^ JP, JP^y 
P", &c., of an involute, or given 
curve, mormalsj PC, P'G\ ifcc, 
be drawn, and distances laid off 
on them, on the concave ade of 

the arc, each equal to the radius of curvature at the 
point, then the curve drawn through the extremities (7, 
C\ (7", &c., of these radii of curvature, is the evolute 
curve. 
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A normal to the Involute is tangent to the Evolnte. 

150. Resuming the consideration of the first three 
equations of Art. 139, and changing slightly the forms of 
(2) and (3), we have, 

(a.-a)2+'(y-^)2 = i22 . . , (1.) 

(«- a)<& + (y-lSyy = . . . (2.) 
<&*+ <?y'+ (y- /3)c?2y = . . . (3.) 

Equations (2) and (3) were derived from Equation ( 1 ), 
under the supposition that a, /3, and 7?, were arbitrary 
constants, and of such values as to cause the circle to be 
osculatory to a given curve, at a given point. 

K now, we suppose the osculatory circle to move along 
the involute, continuing osculatory to it, the five quanti- 
ties, i?, a, j8, y, dy^ will all be functions of the indepen- 
dent variable aj, and a and ^ will be the co-ordinates of 
the evolute curve. 

If we differentiate Equations ( 1 ) and ( 2 ) under this hy- 
pothesis, we have, 

{x — a)^ + (y — ^)dy — (aJ — a)da — (y — ^)d^ = RdB^ 

dx^ + dy^ + (y — ^)d^y — dadx — dl3dy = 0. 

Combining the first with Equation (2), and the second 
with (3), we obtain, 

- (y - /3) <?i8 - (jB - a)doL = HdB, . (4.) 

— dadx — d^dy = . . . (5.) 
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From the last equation we have, 

dS ^ dx 

da "^ dy ^ '' 

But Equation (2) may be placed under the form, 

dx di3 

Substituting for — -j- 1 its value -r- , we have, 

y - ^ = f (« - «) (8.) 

Since Equation^ (7) and (8) are the same under dif- 
ferent forms, they represent one and the same line. 

Equation (7) is the equation of a normal to the invo- 
lute at & point whose co-ordinates are x and y, and passes 
through any point whose co-ordinates are a and /3 (Art. 44). 
Equation (8) is the equation of a tangent to the evolute 
at a point whose co-ordinates are a and ^8, and passes 
through any point whose co-ordinates are x and y (Art. 48) ; 
therefore, 

TTie radius of curvature which is normal to the invo- 
lute is tangent to the evolute. 



Evolute and radioi of curvature increase or deoreaae by the 

same quantity. 

151« Combining Equations (2) and (6), we have, 

SB - a = ^(y - ^) . . . . (9.) 
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Substituting this value of OJ — a in Equation ( 1 ), we 
have, after reduction, 



„ _ ,). (*!^) = J. . . ,«.) 



Substituting the same value in Equation (4), reducing, 
and squaring both members, we obtain, 

(y - ^)^ ^^'^^ = iz^m^ ..("•) 

Dividing (11) by (10), member by member, and taking 
the root, 

V^^+~^ = <?J2 .... (12.) 

But since a and S arc the co-ordinates of the evolute, 
if we denote this curve by 2, we shall have (Art. 52), 

dJR = dZj dR ^ dz z=z 0^ d{B — 2) = ; 
whence, jR — 2 = a constant (Art. 17) ; 

which, if we denote by c, gives, 

i? = 2 + c (13.) 

Since the difference between H and 2 is constant, it fol- 
lows that any change in one, will produce a correspo7iding 
and equal change in the other. 

Jf we draw any two radii of curvature, as PC, P' C\ 
and denote them by B, and R\ and the corresponding 
arcs of the evOlute by 2 and 2', we have, 

jR = 2 -f c, and jR' = 2' -f c ; 

whence, IV — B, = z* — z\ that is, 

V 

The difference between any two radii of curvature is 
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equal to the are of the evolute intercepted between their 
extremities. 

If we make 2 = 0, and denote the corresponding value 
of JR by r, we have, 

r = + c = c ; hence, 

The constant c, is equal to the raditis of curvature passing 
through the origin of arc of the evolute. 

If we suppose C to be the origin of arc of the evolute, 
then, CP = r = c; and any radius of curvature, as CP', 
will be equal in length to the line C^CP, If then the 
evolute be developed, or unrolled, as it were, about the 
movable centre of the osculatory circle, the other ex- 
tremity of the radius of curvature will describe the involute 
curve. 

XSTolute of the Cycloid. 

152. Let us resume the equation for the radius of curv- 
ature (Art. 141), 

{da? 4- dy-)^ 
. ~ d^ .... (i.j 

If, in this equation, we substitute the value of d^y found 
in Art. 118, we have, 

i 



R = 2^{ry)^ z=z 2^/2ry , ... (2.) 



hence (Art. Ill), The radius of curvature is double the 
normal ; therefore, when the generating circle moves from 
A towards Jf, any radius of curvature, as PP\ wiU be 
double the normal FN, 
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If, in Equation ( 2 ), we make y = 0, we have, J? = ; 
If we make y = MB = 2r, we have, JR = 4r. 

That is, the radius 
of curvature is zero at 
the point A, and twice 
the diameter of the 
generating circle at JS. 

Since the radius of 
curvature and evolute 
are both zero at the 
point Ay and since they 
increase equally (Art. 

151), it follows that the length of the evolute AP'A* is 
equal to A'MB^ or twice the diameter of the generating 
circle. 

When the point of contact, N, shall have reached My 
the point P, will have described the involute APBy and 
the point jP, the evolute AP*A\ If we describe a circle 
on A*M — \A'By it will be equal to the generating circle 
of the cycloid, and the two circles will touch each other 
at M, Draw A^X parallel to AL, 

If now we suppose the circle whose centre is (7, to roll 
along the base from M to Ay and the circle whose centre 
is C'y to roll from A' to Xy keeping the centres C and C\ 
in a line perpendicular to the base ALy the point P, of 
the uppei* circle, will re-describe the involute BPAy and 
the point P', will re-describe the evolute A'PA. But 
since the generating circles are equal, and since they are 
rolled over equal bases, the curves generated will be equal; 
hence, the involute and evolute are eqtrnl curves. 
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TJie part of the involute beginning at A, is identical with 
the part of the evolute beginning at A\ 

Since the involute and evolute are equal, the length of 
the involute APB^ is equ^l to twice the diameter of the 
generating circle; or the length of the entire cycloidal arc 
APBIj^ is equal to the entire evolute AP^A^L^ or to 
four times the diameter of the generating circle. 

Equation of the Evolnte. 

153. The equation of the evolute may be readily found 
by combining the equations, 

,, /^ _ dx^+dy^ dy{ d^ + dy') 

with the equation of the involute curve. 

1st. Find, from the equation of the involute, the values of 

I and d^y, 

and substitute them in the last two equations ; there will 
result two new equations, involving a, ^, a;, and y, 

2d. Combine these equations with the equation of the 
involute, and eliminate x and y; the resulting equation 
Vill contain a, /3, and constants, and will be the equation 
of the evolute curve. 

Evolute of the common Parabola. 

154« Let us take, as an example, the common parabola, 
of which the equation is, 

y2 ~ ^Yix, 
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I 

We shall then have, 

and hence, 

_ 4y3/42^+_m2\ _ 4y3 + m^y _ fy^ , 
^ ^ ~ mA 4y2 / - ^2 "" w2 "^ ^' 

and observing that the value of cc — a is equal to that 
of y — jS multiplied by — ;t^> we have, 



a; — a = 
hence we have. 



__ 4y3 

i2' 



— jS = -^, and 



4y2 + m2 ^ 






2m ' 






a? — a =r — 


2y2 


• 



substituting for y its value in the equation of the involute, 

vre obtain, 

-)8 = 

and by eliminating a?, we have, 

16 



y = m^a;% 






4a;* 

; x-a ^ 

m* 


- 2a; - 


m 
"2^ 



^2 = 



16 / 1 \3 



which is the equation of the evolute. 
If we make /3 = 0, we have, 



« = -^ra; 
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and hence, the evolute meets the axis of abscissas at a 
distance from the origin equal to half the parameter. 
If the origin of co-ordinates be 
transferred from A to this point, ^X* 

we shall have, 



OL •=. OL — n^^t 



and consequently. 



/3^ = 



16 
27m 



a 



'3 




The equation of the curve shows that it is symmetrical 
with respect to the axis of abscissas, and that it does not 
extend in the direction of the negative values of a'. The 
evolute CC corresponds to the part ^P of the involute, 
and (7(7" to the part AF*, Both are convex towards the 
axis of X, 
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Ntttnre of Int^pratioi&i 

155. tc the Differential Calculus, we have developed 
a system of principles, and given a series of rules, by 
means of which we deduce, from any given function, two 
others; the first of which is called the Differential co- 
efficient, and the second, the Differential (Art. 95). In 
the Integral Calculus, we have to return from the differ- 
ential, to the function from which it was derived. 

This operation, as a fundamental problem, involves the 
summation of a series of an infinite number of tenns, each 
of which is infinitely small (Art. 56) • No general rule for 
the summation of such a series has yet been discovered; 
and hence, we are obliged to resort, in each particular 
case, to the operation of reducing the 'given differential to 
some equivalent one, whose integral is knoAvn (Art. 84)* 

Fonns of difierentials having known Algebraic Funotiona. 

156. We have found (Art. 85), that every differential 
monomial of the form, 

111 
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in which m is any real number, except — 1, may be im- 
mediately integrated ; and when m = — 1, the differential 
becomes that of a logarithmic function, and its integral 
is Alx (Art. §9). 

157. We have seen that every differential binomial of 
the form, 

(a 4- bx^)^x'^-'^dx, 

in which the exponent of the variable without the paren- 
thesis is less by 1 than the exponent of the variable with- 
in, can be immediately integrated (Art. 4l). 

158. We have seen that every function of the form, 

Xdxy 

in which JT can be developed into a series in terms of 
the ascending powers of a, has an approximate integral 
which may be readily found (Art. 42). 



Forms of differentials having known Logazithmio Functions. 
159. Any function of the form, 

. dx 

X 

in which the numerator is the differential of the denom- 
inator, can be immediately integrated, since the integral is 
equal to Alx (Art. 89). In Art. 91, we have given five 
other forms of differentials, whose corresponding functions 
are logarithms. 
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Forms of differentials having known Oircular Functions. 

160. In Art. 99, we have found sixteen differential 
expressions, eacljL of which has a known integral corre- 
sponding to it, and which, being differentiated, will of course 
produce the given differential. 

In all the classes of functions, any differential expression 
may be considered as integrated, when it is reduced to one 
of the kno^vn forms ; and the operations of the Integral 
Calculus consist, mainly, ' in making such transformations 
of given differential expressions, as shall reduce them to 
equivalent ones, whose integrals are known. 



INTEGRATION OF RATIONAL FRACTIONS. 

16 !• Every rational fraction may be written under the 
form, 

in which the exponent of the highest power of the variable 
in the numerator is less by 1 than in the denominator. 
For, if the greatest exponent in the numerator was equal 
to, or exceeded the greatest exponent in the denominator, 
a division might be made, giving one or more entire terms 
for a quotient, and a remainder, in which the exponent of 
the leading letter would be less by at least 1, than the 
exponent of the leading letter in the divisor. The entire 
terms could then be integrated, and there would remain 
a fraction under the above form. 
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EXAMPLES. 

1. Let it be required to integrate the expression, 

2adx 



x^ — a^ 



By decomposing the denominator into its &ctors, we 

have, 

adx 2adx 



aj2 — a^ {x — a) {x + a) 
Let us make, 

2adx 



{x — a) (a; -h 



a) \x — a x + a/ 



in which A and JB are constants, whose values may be 
found by the method of indeterminate co-efficients.* To 
find these constants, reduce the terms of the second mem- 
ber of the equation to a common denominator; we shaJl 
then have, 

achi __ {Ax + Aa -\- Bx — B(i)dx 

{x — a) (jc + a) "~ (x — a) {x + a) 

Comparing the two members of the equation, we find, 

2a = Ax + Aa 4- Bx — Ba; 

or, by arranging with reference to aj, 

{A + B)x + {A — B — 2)a — 0\ hence, 

A + B^O, and {A — B — 2)a =z 0\ 

whence, -4 = 1, ^ = — 1. 



• Bourdon, Art. 194. Tluiversity, Art. 180. 
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Substituting these values for A and JS, we obtain, 

2adx ___ dx dx ^ 

sc^ — a* ~" JB — a 85 + a* 

integrating, wo find (Art. 89)9 

/' cidx 
-— ^ = Hx — a) — /(« + a) + C; consequently. 



J 9^ — d^ \a5 + a/ 



% Find the integral ot^ 

3a; — 6 



(&. 



SB* — 685 + 8 

Resolving the denominator into its two binomial factors, 
(85 — 2), and (aj — 4), we have, 

3aj - 6 A ^ B - 

H 7; hence, 



a*— 6a;+8 a — 2 aj — 4 

3a; — 5 _ ^a; — 4^ + ^a; — 7.3 ^ 
a;« — 6a; + 8 "" ar^ — 6a; + 8 * 

by comparing the coefficients of a;, we have, 

- 6 = - 4^ - 2J?, 3 = J. + ^, 

7 1 

which gives, -^ = 2' ^ ~ "" 2' 

substituting these values, we have, 
J x^- 6x + a 2J X -2^ 2J X- 4:^ 



= I log(a5 - 4) - ^ log(a! - 2) + (7. 



25 
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Henoe, for the integration of rational fractions: 

1st. Resolve the fraction into partial fractionSj of whkh 
the numerators shaU be constants^ and the denominators 
factors of the denominator of the given fra^ction, 

2d. Find the values of the numerators of the parHd 
fractions^ and muUijplly each by dx. 

3d. Integrate each' partial fraction s^Hirateli/^ and the 
sum of the integrals thus found wiU be the integral 
sought. 

INTEGRATION BY PARTS. 

169. The integration of differentials is often effected 
hj resolving them into two parts, of which one has a 
known integral. 

We have seen (Art. 97), that, 

d{uv) = udv + vdu^ 
whence, by integrating, 

uv ^=. Judv +Jvdu, 
and, consequently, 

J udv = uv "jvdu. 

Hence, if we have a differential of the form Xda^ which 
can be decomposed into two factors P and Qdx^ of 
which one of them, Qdxy can be integrated, we shall 

have, by making / Qdx = t?, and P = w, 

fxdz =zfPQdx = fudv = uv -fvdu . (1.) 
in which it is only required to integrate the term l vdu. 
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EXAMPLES. 

1. Integrate the expression, oi^dst'yjc^ + aj*. 
This may be divided into the two factors, 

a;^, and a^fe-y/oM- a5^ 
of which the second is integrable (Art. 41). 

Put, u = 05% and dv = ondx^a^ + 7? ; 

then, 

xdx^yQ?' 4- a^ = ^ r — ^* 

Substituting these values in Formula (1), 

and finally, 

2. Integrate the expression. 



(«« - 052)* 
The two factors are, aj, and a5e&5(a2 — a;^) ' . 

t« = a; ; cto = a5cfo(a^ — aj^) * ; i? = 



-v/(a23^ 



/ wcfo = ^- : + / : ; whence, 

^ V^ - a;2 -^ y^- aj^ ' 

/7?dx X . . , 35 / A ^ X 

(a2 - aj^)* V«^ «' ^ 
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INTEGRATION OF BINOMIAL DIFFERENTIALS. 

Form of BiiiomiaL 

163. Every binomial differential may be placed imder 
the form, 

in which m and n are whole numbers, and n positiye; 
and in which p is entire or fractional, positive or nega- 
tive. 

1. For, if m and n are fractional, the binomial takes 
the form, 

x^dx{a + bx^y* 

If we make a; = 2^, that is, if we substitute for Xj an- 
other variable, Zj with an exponent equal to the least 
coiomon multiple of the denominators of the exponents 
of Xj we shall have, 

x^dx{a + bx^)P = 62'&(a + &5^)', 
in which the exponents of the variable are entire. 

2. If n is negative, we have, 

and by making » = -, we obtain, 

in which n is positive. 

S. If X enters into both terms of the binomial, giving 
the form. 
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in which the lowest power of x is i;^Titten in the first 
term, we divide the binomial within the parenthesis by 
a'', and multiply the factor mthout by x^p; this gives, 

which is of the required form when the exponent 
m -h p^'~\ is a whole number, and may easily be 
reduced to it, when that exponent is £ractionaL 



When a Binomial can be integxated. 

164. — 1. If J9 is entire and positive, it is plain that the 
binomial can be integrated. For, when the binomial is 
raised to the indicated power, there will be a finite num- 
ber of terms, each of which, after being multiplied by 
af^-^dXy may be integrated (Art. 35). 

2. If m = Tij the binomial can be integrated (Art. 41). 

3. K jp is entire, and negative, the binomial will take 

the form, 

Q^-^dx 



(a + bx^y * 
which is a rational fraction. 

FOBMULA A. 

For dimixiiahing the exponent of the variable without the 

renthesiB. 

165. Let us resume the differential binomial, 

af-^dx{a + f>x*)p. 
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If we multiply by the two fiictors, as* and x-% the 
value wiU not be changed, and we obtain. 

Now, the &ctor a!^^^dx{a 4- bx*)^ is integrable, what- 
ever be the value of p (Art. 41). Denoting the first 
factor, iC*"* by w, and the second by dvj we have, 

du = {m- w)aj— — idSc, and v = 1^__^— ; 

— - / r,x I / _L i\ J ar-*'^dx{a + baf)p-^K 

(p + l)wft (p + l)nb^ 

But, j7r-''-^dx{a + to*)i'+i = 

faf-''-^dx(d + to")' (a + &c*) = 
afaf-"'-^dx{a + &b«)' + hf^-^dx(a -f &»")'; 

substituting this last value in the preceding equation, and 
collecting the terms containing, 

f^-^dx{a + bx*)Py 
1 + ~ — V Jjaf"'^dx{a + bx*y = 

* tfi-n (^ ^ 5a5")'+^ — a(m — n) /af»-*-^ <^(a + &b*)i» 

(l> + l)wft ' 
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whence, 

(A) /a--*dbf(a + faB")i^ = 

af-^^a + &i-y+^ — a{ni — n)fag^—^dx(a + &c")' 
This formula reduces the differential binomial, 

and by a omilar operation, we should find, 
/af»-"-*&(a + &c*)', to depend on^ fstf-^^-^dx^a -{- baf)^ ; 

consequently, each operation diminisJies the exponent of 
the variable without the parenthesis by the eaipofient of \he 
variable within. 

After the second integration, the fiictor m ^ n^ of the 
second term, becomes m — 2n; and after the third, 
m — 3n, &c. If Til is a multiple of w, the fector m — n^ 
m — 2w, . m — 3w, &c., will finally become equal to 0, and 
then the differential into which it is multiplied will disap- 
pear, and the given differential can be integrated. Hence, 
a differential binomial can be integrated^ when the ea>- 
P07ient of the variable without the parenthesis plus 1, is 
a multiple of the eocponent within. 



APPLICATIONS. 



166. We have fi'equent occasion to integrate differential 
binomials of the form. 



Qif^dx 



\/a^ — x^ 



= ixfdx{a'^^ aj^)""*. 
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The differential binomial of^^^ dx{a + bae^y will assume 
this form, if we substitute. 



for 



u 
u 
u 
u 



a, 



m+1; 



>>• 



-1; 
2; 



Making these sabstitadons in FormnlA ii, we have, 






af" 



— 1 



Q^ 



m 






a? 



so that the given binomial differential depends on, 

and in a similar manner this is found to depend upon, 

/af"~*cfo5 

and so on, each operation diminishing the exponent of x by 
2. If m is an even number, the integral will depend, after 

— operations, on that o^ 

-j=== = Bin-i - (Art. 99). 
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Formula St. 
For dlmtnliWng the «aqK>neiit of the pezentheds. 

167. By changing the form of the given differential 
binomial, we have, 

f7f'-^dx{a + hx'^y-^ {a -h te") = 

Applying Formula A to the second term, and observing 
that m is changed to w + n, and ^ to ^ •— 1, we have, 

faf^-^^-^dxia + bx*y-^ == 

af^{a + bx*)P — am faf*"^ dx{a + to")'"^ 

b{pn + m) 

Substituting this value in the last equation, we have, 
(JB) ; . fixf"-^dx{a + bx^)P z=z 

af^{a + bx*)P + pna i^xf^"'^ dx(a + hx^y-'^ 

pn + m ' 

in which the exponent of the parenthesis is diminished by 
1, for each operation. 

APPLICATIONS. 

4 
1, Integrate the expression (^{a^ -{- x^y . 

The differential binomial Qif*-'^dx{a + bx^y wiU assume 
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this form, if we make tn = l, a =: a\ 5 = 1, n = 2, 
and p = i. 
Substituting these values in the formula, we have, 

Jdx{a^ + x^y = ^ 

Applying the formula a second time, we have. 



+ x^ 



But we have found (Art. 9l), 



dx 



1 — — 4- ^a^x^ — '— + -— . l\x + v/a* + aJV + ^• 



8 8 



2. Integrate the expression, dx\^r^ — aj^ 

The first member of the equation will assume this form, 
if we make, m = 1, a = r\ 6 = — 1, w = 2, and 
p = ^. Substituting these values in the formula, we 
have, 

whence, by substitution (Art. 99), 

/(feyr^-^-^ = \v^{f-^)^ + \r^ sin-i- + C. 
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FOEMULA ^ , 

For diminiBhing the exponent of the vtoiable without the 

parenthesifl, when it ia negative. 

16§. It is evident that Formula JL will only diminish 
m — - 1, the* exponent of the variable, when m is positive. 
We are now to determine a formula for diminishing this 
exponent when m is negative. 

From Formula ^, we deduce, 

af*-* (a + &B»)^+^ — b{m + np) faf^-^dx{a + bx*y 

^— ^— •^— ^— — ^^^^_^— __^_^— — — — ^— ^^^-^^— ^— ^■^^— — ^^•^^^— ^^— ^^^— ^— ^^-^— _ • 

a{m — n) * 

changing m, to — m + ^> we have, 

(^) Jx-"^-^dx{a + ba^)P = 

x-^{a + to")^"*"^ + h{m — n — np) /aj-"»+"-^c&j(a + ha^y 

* » 

— am 

in which formula, it should be remembered that the nega- 
tive sign has b^en attributed to the exponent m. 

APPLICATIONS. 

1. Integrate the expression x^^ckc{2 — x^) ^« 

The first member of Equation ( ^ ) will assume this form, 
if we make m = 1, a = 2, 6 = — 1, ti = 2, and 
/> = — f. Substituting these values, we have, 

fx-^dx{i - a^f^ = - "'"'^^ ~ "^^ +/(2 - a?)-^dx. 
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The differential term in the second member will be in- 
tegrated by the next formula. 

FOBUULA 3>. 

For dlmlnliihfag the exponent of the pezentheeifl when it ii 

negative. 

169. It is evident that Formula IB will only diminish 
/>, the exponent of the parenthesis, when p is positiYe. 
We are now to determine a formula for diminishing this 
exponent when p is negative. 

We find, from Formula IB, 



J7f-^dx{a+ bx*y-^ = 






— af"(a + bx^y + (m + np) Cvf'-^dxia + to*) 

pna 

writing for jo, — i> + 1, we have, 

(3&) ya5«-iJic(a + &c«)-' - 

ar{a + bx*)-P^^ — (m -f w — np) faf^-^dxia + to*)-'+^ 

na{p — 1) 

When jt> = l, />— 1=0; the second member be- 
comes infinite, and the given expression becomes a ra- 
tional fi-action. • 

APPLICATIONS. 

1. Integrate the expression, / dx(2, — aj*)" . 
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The first member of f^quation 2> will assume this foim, 
if we make m z= 1, a = 2, ft = — 1, w = 2, and 
/> = — |. Substituting these values, we have, 

suice the coeffident of the second tenn, in the formula, 
becomes zero. 

Returning, then, to the example under the last formula, 
we have, 

J x-^dx{2 - a^) ' = ^^ ^— + -i^ ^ ' + C. 

2. By means of Formula 2>, we are able to integrate 
the expression, 

when p 18 a whole number. 

The general formula will assume this form, if we make 
m = 1, aj = 25, a z= a\ 5 = 1, n = 2, 

Each application of the formula will reduce the expo- 
nent — p, by 1, until the integral will finally depend on 
that of 

^-^^ = 1 ten-' ? + C (Art. M). 



a^ -f- 2^ ^ ^ 

FOBMULA S. 

When the variable enters into both terma of the binomiaL 
IVO. Let it be required to integrate the expression, 

:;:_ = X'l€lx(2aX — • a^) *. 



^2 ax — x^ 



\3 
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The second member may be placed mider the form, 

Jx '^dx{2a — «) . 
We apply Formnla A, by making, 

we shall then have, 

Jx ~*<fe(2a — a)~* = 

- '''"*^^; - ">* + ?^^y.'-*<fe(2a - «)-*. 
If we observe that, 

OS =9? o; , and. a; =0/ ^9 

and pass the fractional powers of x within the parentheses, 
we shall have, 

(3) /-^^ = 

•^ ^2ax — aj2 



Qfi-^y/lax — aj2 , (2<y -- l)a /* xf^-^dx 

a J 



+ 



\/2aa; — ar* 



Each application of this formula diminishes the expo- 
nent of the variable without the parenthesis by 1. If g' 
is a positive and entire number, we shall have, after ^. 
reductions, 

f ^ ^ — = ver-sin-i - + (7 (Art. 99). 

•^ V2aic — ic2 a 
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